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RESUMO GERAL

Novas distribuicdes de probabilidade sdo propostas com o objetivo de obter
melhores ajustes a dados que apresentem comportamentos mais complexos, tais
como 0s que estdo suscetiveis a censuras. Nesta perspectiva, este trabalho propos
novos modelos mais flexiveis para a andlise de sobrevivéncia. O primeiro exposto
¢ a distribuicdo gama generalizada geométrica estendida de cinco pardmetros, que
inclui importantes distribuicdes como casos particulares, tal como a gama gene-
ralizada. Para essa nova distribui¢c@o, obteve-se uma expressdo para oS momen-
tos, funcdo geradora de momentos, funcdo densidade da distribuicdo de estatis-
tica de ordem, desvios médios e confiabilidade. Examinaram-se os estimadores
de méxima verossimilhanca dos pardmetros e calculou-se a matriz de informacao
observada. Em sequéncia, realizou-se uma sutil generalizacdo da distribui¢do ji
proposta e a transformacao logaritmica, proporcionando o desenvolvimento de um
modelo de regressdo paramétrico. A utilidade dos novos modelos propostos sdo
ilustrados com uma aplicacdo a um conjunto de dados de tempo de permanéncia
de imigrantes brasileiros no Japdo. Para o conjunto de dados analisado, as estatis-
ticas AIC, BIC e CAIC mostraram que os novos modelos sdo mais adequados do
que outros disponiveis na literatura.

Palavras-chave: Andlise de sobrevivéncia. Regressao locag¢do-escala. Estimacdo
de maxima verossimilhanga. Inferéncia Bayesiana. Bimodal.



GENERAL ABSTRACT

New probability distributions are proposed in order to get better fit to the com-
plex data such as censored, skewed and bimodal. In this perspective, this work
proposed new more flexible models for survival analysis. The first model propo-
sed is the extended generalized gamma geometric distribution of five parameters,
which includes well-known lifetime special sub-models such as the generalized
gamma. We provided a mathematical treatment of the new distribution including
explicit expressions for moments, moment generating function, mean deviations,
reliability and order statistics. Further, we developed an extension of this distribu-
tion by assuming that a shape parameter can take negative values. Additionally, we
derived the log-transformed distribution and its regression model. The new regres-
sion model represents a parametric family of models that includes as sub-models
some widely known regression models that can be applied to censored survival
data. Finally, an application of the new models to real data showed that they could
provide a better fit than other statistical models frequently used in lifetime data
analysis.

Keywords: Survival analysis. Location-scale regression model. Maximum like-
lihood estimation. Bayesian inference. Bimodal.
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1 INTRODUCAO

De um modo geral, qualquer distribui¢do de probabilidade definida em um
conjunto real positivo pode ser considerada como um modelo para o tempo até a
ocorréncia de um evento de interesse. No entanto, nem todas as distribui¢des sdo
adequadas para descrever um fendmeno especifico de envelhecimento, principal-
mente quando hd a presenca de dados censurados, isto é, a informacao parcial da
resposta.

Em muitas situacdes praticas, as distribui¢des usuais, bem como a normal
e t-Student, ndo sdo adequadas. Dessa forma, a falta de modelos mais flexiveis
para a anélise de dados de sobrevivéncia, tais como assimétricos, platicurticos,
leptocurticos e bimodais, estimulou o desenvolvimento de novas distribui¢des de
probabilidade. Esses novos modelos sdo tteis em aplicagdes em diversas dreas, tais
como a medicina, biologia, satide ptblica, epidemiologia, engenharia, economia,
estudos demogréficos entre outras.

Na obtenc¢do de novas distribuicdes, diversos métodos podem ser conside-
rados. Entre os métodos existentes, destacam-se os que envolvem transformacdes
na funcdo de distribuicdo, resultando em modelos mais gerais, a adi¢do de para-
metros de locacio e escala, proporcionando um modelo mais flexivel e a mistura
de distribuicdes.

Entre as distribui¢des ja conhecidas, utilizadas em andlise de sobrevivén-
cia, evidenciam-se a exponencial, gama, gama generalizada, Weibull, log-normal
e log-logistica. Por isso, novas generalizacdes sao obtidas preferencialmente a par-
tir destas, sob a perspectiva de obter novas distribui¢cdes que modelam melhor os
comportamentos mais complexos, tais como os que envolvem dados censurados.

Desta forma, definiu-se como objetivo geral desta pesquisa, a proposicao de novas
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distribuicdes de probabilidade mais flexiveis, que se ajustam a dados bimodais, as-
simétricos e para valores de curtose diferente de zero. Para o seu desenvolvimento
foram fixados trés objetivos especificos.

O primeiro refere-se a caracterizacdo da distribui¢do gama generalizada
geométrica estendida, ou seja, a sua defini¢do e o cdlculo de algumas proprieda-
des, tais como a expansdo da funcdo densidade, momentos, fun¢do geradora de
momentos, desvios médios, confiabilidade, estatisticas de ordem, funcdo de veros-
similhancga e densidades a posteriori e, em seguida, uma aplicacdo real ilustrando a
vantagem do novo modelo para dados bimodais em relag@o aos seus sub-modelos.

Na sequéncia, propds-se apresentar uma generalizacao da distribui¢do gama
generalizada geométrica estendida e algumas de suas propriedades, quais sejam: a
expansao da funcio densidade, momentos, fun¢do geradora de momentos, desvios
médios, confiabilidade e estatisticas de ordem.

O terceiro objetivo destina-se a obter a distribui¢do log-gama generalizada
geométrica estendida, o cdlculo de seus momentos e o seu modelo de regressao,
também com uma aplicagao.

Para o desenvolvimento do tema suscitado, o plano de trabalho foi estru-
turado em duas partes. A primeira é composta por dois capitulos; e a segunda
por dois artigos referentes aos resultados da pesquisa, que correspondem aos trés
objetivos especificos.

Desse modo, o capitulo primeiro destina-se a introducio desta tese, no
qual € delimitado o assunto de estudo e sdo especificados os objetivos da pesquisa.

O segundo capitulo dedica-se ao referencial tedrico, no qual sdo expostos
conceitos basicos em andlise de sobrevivéncia, as equivaléncias entre as fungdes do
tempo de sobrevivéncia, a funcdo de verossimilhanga em anélise de sobrevivéncia,

as distribui¢cdes gama generalizada e gama generalizada geométrica, classes de



21

generalizacdes de distribuicdes, o modelo de regressao paramétrico locacao-escala
e procedimentos de inferéncia estatistica.

Na sequéncia, tem-se o inicio da segunda parte, a qual estd reservada a
dois artigos e as consideracdes gerais do trabalho.

O primeiro artigo, referente ao desenvolvimento da distribuicdo gama ge-
neralizada geométrica estendida, estd submetido a revista Hacettepe Journal of
Mathematics and Statistics e esta na fase de avaliagdo pelos revisores.

O segundo artigo, que reporta-se ao cumprimento do segundo e terceiro
objetivos especificos, serd submetido 2 mesma revista, apds a publica¢do do pri-
meiro artigo.

Por derradeiro, nas consideracdes gerais sdo apresentadas as principais

conclusdes do trabalho e algumas sugestdes para pesquisas futuras.



22

2 REFERENCIAL TEORICO

Nesta secdo serdo abordados os conceitos basicos e essenciais sobre ana-
lise de sobrevivéncia, a distribuicdo gama generalizada geométrica, a classe de
distribuicoes estendidas, modelos de regressao locagdo-escala e métodos inferen-

ciais.

2.1 Conceitos basicos em analise de sobrevivéncia

A andlise de sobrevivéncia € caracterizada pelo fato de que a varidvel res-
posta é, geralmente, o tempo até a ocorréncia de um evento de interesse. O evento
em estudo € denominado falha e o tempo até a ocorréncia da falha é definido por
tempo de falha, ou de sobrevivéncia, ou de sobrevida. Outra caracteristica da ana-
lise de sobrevivéncia € a presenca de dados censurados, que € a informacao parcial
do tempo de falha (COLOSIMO e GIOLO, 2006).

Destacam-se trés tipos de censuras: tipo I, quando finaliza-se um tempo
pré-estabelecido para o estudo e nem todos os elementos falharam. Neste caso,
o tempo até a ocorréncia da falha sé é conhecido se ela ocorrer antes do final do
estudo; tipo II, se um nimero pré-estabelecido de falhas ocorrem e encerra-se o
estudo; tipo III, ou censura aleatdria, caso o elemento € retirado do estudo por uma
causa alheia ao préprio estudo. Os tipos I, II e III de censura estdo ilustrados na
Figura 1.

As censuras do tipo I, II e III sdo conhecidas também como censuras a
direita, pois a falha estd a direita do tempo registrado. Além dessa, pode ocorrer a
censura a esquerda, se o tempo registrado € maior que o tempo de falha, ou seja, o
evento de interesse ocorreu antes do elemento ser observado, € a censura intervalar,

quando nio se pode afirmar o tempo exato de falha, sabe-se apenas que ela ocorreu
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em um determinado intervalo.

(a) Dados completos (b) Dados com censura tipo |
w o —— Final do Estudo w o4 — o Final do Estudo
R s
[*3 O
T < o c < o
2 . 4
Q 7 o 4
FNE 2 A
o | o J
o o4
T T T T T T T T T T
0 5 10 15 20 0 5 10 15 20
Tempos Tempos
(c) Dados com censura tipo Il (d) Dados com censura aleatoria
6o —— Final do Estudo w0 —— Final do Estudo
e A S
O Q
T < q c <~
2 2
[] T [ T
2 A S w{ ——
o J o |
o A o A
T T T T T T T T T T
0 5 10 15 20 0 5 10 15 20
Tempos Tempos

Figura 1 Ilustracdo de alguns mecanismos de censura em que e representa que o
elemento do estudo falhou e o que o dado foi censurado. (a) todos os
elementos falharam antes do final do estudo, (b) alguns elementos nao
falharam até o final do estudo, (c) o estudo foi finalizado ap6s a ocorrén-
cia de um niimero pré-estabelecido de falhas e (d) o acompanhamento
de alguns elementos foi interrompido por alguma razdo e alguns ele-
mentos ndo experimentaram o evento de interesse até o final do estudo.
Fonte: adaptado de Colosimo e Giolo (2006).

Considerando o mecanismo de censura aleatdria e as varidveis aleatdrias
ndo negativas e independentes 7" e C, que representam, respectivamente, o tempo
de falha e o tempo de censura para um elemento em estudo, os dados observados
podem ser representados por t = min{7',C'} e 4, o indicador de falha ou censura,
definido por

1, T<C
0, T>C,
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sendo § = 1 representando a ocorréncia de falha, e § = 0 de censura.

Em geral, para cada individuo ¢, ¢ = 1,--- ,n, as observacdes sdo re-
presentadas pelo par (¢;,;), sendo t; o tempo observado de falha ou censura e
6; uma variavel indicadora assumindo d; = 1 se o tempo corresponde a falha ou
0; = 0 para censura. Quando para cada individuo estiver associado um vetor de
covaridveis x; = (x;1,- -+ , ), os dados podem ser representados por (t;, d;, X;).

A varidvel aleatéria ndo negativa 7', que representa o tempo de falha, pode
ser especificada pela funcao densidade de probabilidade, ou funcdo de distribui¢do
acumulada, ou fun¢do de sobrevivéncia, ou fung¢do risco, sendo essas quatro fun-
cdes matematicamente equivalentes. Assim, especificando qualquer uma dessas

funcgdes obtém-se as outras.

2.2 Funcdes do tempo de sobrevivéncia

Seja T uma variavel aleatéria continua ndo negativa, de funcido densidade

de probabilidade f(t) e fung@o de distribuicdo acumulada

F(t) = P(T <1) = /0 f(x)da.

A probabilidade de um individuo sobreviver até o tempo ¢ é dada pela

funcdo de sobrevivéncia
S(t)=1—-F(t)=P(T > t).

Note que a funcdo de sobrevivéncia S(t) é uma fun¢do monétona decrescente com
S(0) =1elim;o0 S(t) = 0.
A probabilidade da falha ocorrer em um intervalo especifico [t1, t2) pode

ser expressa em termos da fung@o de sobrevivéncia como S(¢1) — S(¢2). E a taxa
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de falha no intervalo [t1,t2) é definida como a razdo da probabilidade que a falha
ocorra neste intervalo, dado que ndo ocorreu antes de ¢, pelo comprimento do in-
tervalo. Ou seja, a taxa de falha no intervalo [t1, t2) é calculada por (COLOSIMO;
GIOLO, 2006)

Pty <T <t]T >t1)  S(t) — S(ta)

(ta —t1) (ta —t1)S(t1)

Redefinindo o intervalo [t1,t2) como [t,t + At), e considerando A¢ bem

pequeno, define-se a funcdo taxa de falha, ou fungao risco, por

L PU<T<t+AUT>1)  f(1)
h(t) = fim, At CION

Esta funcdo € bastante util para descrever a distribuicdo do tempo de vida, ela
descreve a forma em que a taxa instantdnea de falha muda com o tempo.

Segundo Colosimo e Giolo (2006), a funcio risco é mais informativa que
a funcdo de sobrevivéncia, pois diferentes fungdes de sobrevivéncia podem ter
formas semelhantes, entretanto suas respectivas funcdes risco podem diferir dras-
ticamente.

As fungdes f(t), F(t), S(t) e h(t) sdo associadas matematicamente, ou
seja, especificada qualquer uma delas as outras podem ser obtidas, conforme ja
citado.

Expressdes para f(t) e S(t) podem ser obtidas por h(t). Do fato que

flt)=-— %S(t), tem-se, entao
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Agora, integrando ambos os lados, e entdao exponencializando, obtém-se

S(t) = exp (— /0 th(m)dm) .

Finalmente, a partir das duas ultimas expressoes, a fung¢ao densidade pode

ser obtida por
F(#) = h(t) exp (— /0 t h(x)da:) .

2.3 A funcio de verossimilhanca em analise de sobrevivéncia

A inferéncia estatistica para modelos paramétricos em anélise de sobrevi-
véncia pode ser feita pelo método da maxima verossimilhanga.

Na obtenc¢do da fungdo de verossimilhanca serd considerado o mecanismo
de censura aleatdria, definido na se¢do 2.1, e ndo informativa. Conforme Allison
(2010), censura ndo informativa pode ser entendida como: se a observacao de um
individuo € censurada em um tempo c, entdo esse individuo pode ser representado
por todos os outros que sobreviveram no tempo ¢ e que apresentam 0os mesmos va-
lores para as covaridveis. Kalbfleish e Prentice (2002) definem matematicamente
censura nao informativa como a situacdo em que a distribui¢ao do tempo de cen-
sura ndo depende dos parametros da distribui¢dao do tempo de falha.

Considerando 1" o tempo de falha e C' o de censura, com 1" e C varidveis
aleatorias continuas independentes. Para¢ = 1,--- ,n, os dados observados con-
sistem dos pares (;, d;), em que t; é uma realizagdo de 7, = min{7,C} e d; = 1
se T; < Ciyoud; =0seT; > C; (LAWLESS, 2003). Todos os tempos de falhas
e censuras sdo independentes e a distribuicdo de C' ndo depende dos pardmetros
0 = (01,---,6p) da distribuicdo de 7. Sejam f(¢;80), S(t;0), fc(t) e Sc(t)

as funcdes densidade e sobrevivéncia de T" e C, respectivamente. Entdlo, para a
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1—ésima observagdo, tem-se que

P(T;i =1t;,0; =0) = P(C; =t;,T; > C;) = P(C; = t;, T; > t;)
= fc,(t:)S(t:; 0)

ou
P(Ti=ti,0,=1) = P(T; = t;,T; < C;) = P(T; = t;,C; > t;)
= f(t:;0)Sc;(t:)
Essas probabilidades podem ser expressas em uma tncia expressao como
P(Ti = ti,8:) = [ (15:0) Sc, (1)) e, () S (1 0)] "
e a fungdo densidade conjunta de (7;,6;),i = 1,--- ,n, é dada por

[f (835 0) S, (8)) [fo, (1) S (13 0)] "

n
=1

1

Sendo assim, a fun¢do de verossimilhanca de 6 é dada por

n

£(6) = [T fes (0!~ S (8" T £t 0075 (150)!
i=1

i=1

Como fc;(ti) e Sc,(ti), i = 1,---,n, ndo dependem de 6, a fungdo
de verossimilhanca de @ pode ser reescrita como (KALBFLEISH e PRENTICE,
2002)

L(8) o [ f(t::0)% S (t::6)" (1)
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sendo € o vetor de dimensdes p x 1 de pardmetros desconhecidos, f(¢;;0) e
S(t;; 0) as fungdes densidade de probabilidade e de sobrevivéncia da varidvel ale-
atoria T;, respectivamente.

O logaritmo da func¢@o de verossimilhanga, ou simplesmente a fungao log-
verossimilhanga, é dado por ¢ (0) = log L (6). O vetor de primeiras derivadas

U (0) = 0¢(0) /08, de dimensdes p x 1, é denominado de vetor escore.

2.4 Distribuicio Gama Generalizada

A distribuicdo gama generalizada (GG), introduzida por Stacy (1962), é
uma generalizacdo da distribuicdo gama e tem sido bastante discutida na litera-
tura. Como exemplos podem ser citados os trabalhos de Nadarajah e Gupta (2007)
que usaram a distribui¢do com aplicacdes em dados de seca, Ali, Woo e Nadarajah
(2008) que derivaram a distribui¢do exata do produto de duas varidveis aleatérias
independentes GG, Cordeiro, Ortega e Silva (2011) que propuseram a distribui¢io
gama generalizada exponenciada e Ortega, Cordeiro e Pascoa (2011) que desen-
volveram a distribuicdo gama generalizada geométrica, apresentada em detalhes
na subsecdo 2.5.

A funcdo densidade de probabilidade de uma varidvel aleatéria T' com

distribuicdo gama generalizada, de parametros «, 7 e k, é dada por

ok (1) = a%(k) (;)Tk_lexp [— (;)T} t>0,

sendo o > 0 pardmetro de escala, 7 > 0 e k > 0 parAmetros de forma e I'(k) a
fungfio matemdtica gama, definida por I'(k) = [;° w* ! exp(—w)duw.

A distribuicdo GG contém alguns modelos bastante conhecidos como ca-
sos particulares, tais como a distribuicao exponencial (7 = k£ = 1), gama (7 = 1),

Weibull (k = 1), Rayleigh (¢ = ov/2, 7 = 2 e k = 1), semi-normal (o« =
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o\/m, 7 =2,k = 1/2), entre outros.

Virios trabalhos estudaram as propriedades da distribuicdo GG, tais como
os de Stacy e Mihram (1965), Prentice (1974), Farewal e Prentice (1977), Lawless
(2003) e Dadpay, Soofi e Soyer (2007).

Uma propriedade importante da distribuicdo GG € de ser fechada para
transformagdes poténcias (STACY; MIHRAM, 1965; DADPAY; SOOFI; SOYER,
2007). Isto €,

Y =T°~GG(a?,7/s,k), s>0.

Em particular,

X =T ~G,k),

sendo G(a7, k) denotando a distribui¢do gama com pardmetro o™ de escala e k de
forma.

A média e a variancia da distribuicdo GG sao dadas por:

T T 2
E(T):ar(@) . V(T)= oz2) {F<7k+2>_[r(kﬁ)] }

T(k)

Em geral, o 7—é&simo momento ordindrio da distribuicio GG, conforme

Stacy e Mihram (1965), pode ser obtido por

, o' T(k+r/T)
MT,GG - F(ki) :

A funcio de distribuicio acumulada G(t), func¢o de sobrevivéncia S(t) e
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fung@o risco h(t) sdo expressas, respectivamente, por:
1 &) E, (L)7
G0 = o [ expupaw = el ] (153) )
0

()

St)=1-G(t) =1—-mnlk (t/a)]

e
A J il
Jo& e exp [ ()] da’
sendo y(k, x) fo Lexp(—w)dw a fungio gama incompleta e 7 (k, ) a

fung¢do razdo gama incompleta, definida por v, (k, z) = v(k, z) /T (k).

A funcg@o risco h(t) da distribui¢do gama generalizada pode assumir as
formas unimodal, banheira, crescente, decrescente e constante (Figura 2), por isso
essa distribui¢do € bastante aplicada a dados de sobrevivéncia e considerada na

obtencdo de novas distribui¢des, tal como a gama generalizada geométrica.

2.5 Distribuicio Gama Generalizada Geométrica

Seguindo a ideia de Adamidis e Loukas (1998), para um processo de mis-
tura de distribuicdes, Ortega, Cordeiro e Pascoa (2011) propuseram a distribuicdo
gama generalizada geométrica (GGG) com quatro parametros.

Suponha que {Y;}ZZ:1 sejam varidveis aleatérias independentes e identi-
camente distribuidas (iid) que possuem funcio de distribui¢do acumulada gama
generalizada (GG) definida em (2).

Seja Z uma varidvel aleatéria geométrica com funcio de probabilidade
dada por P(z;p) = (1 —p)p* ! para Z € Nep € (0,1). Seja X|Z =

min({Y;}Z ). Entdo, fazendo-se uso da distribuigdo do minimo, encontra-se a
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o p—
— unimodal
— banheira
— crescente
0 decrescente
— constante
q- —
~
R
E (v]
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Figura2 Formas unimodal, banheira, crescente, decrescente e constante da fun-
¢do risco h(t).

fung@o de distribuicdo acumulada de X|Z, representada por

Fyjz(alz) =1 f[[l ~R@l=1-{1-n[&(2)]}. @

=1

Derivando a expressao (3) em relacdo a =, encontra-se a funcdo densidade
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de probabilidade de X condicionada a Z = 2. Assim,

o =i (5)" oo - () Hor - Q) )

Sabendo que

f($’z; a77—7k’p)

f(a:|z;a,7',k:) = P(Zp) )

a funcdo densidade de probabilidade conjunta de X e Z é dada por

f(@,z;0,7.k,p) = f(z]2;0,7,k) P(2;p)
zT  fx\Tk-1 T\T
~ al(k) <&> P [_ (&) }

Ao G )

Logo, a fun¢do densidade de probabilidade marginal de X, f(x; «,7.k,p),

¢ dada por

o0
f@; o kp) = Zf .2 ,7.k.p)

O e (2]
Sl @Y W

Mas, note que, como 0 < i [k,(z/a)7] < 1, ver (2), e p € (0,1), entdo

0 < p{l —mlk,(z/a)7]} < 1. Assim, da teoria de séries geométricas,

i( {1—71[ (2>T]}>Z:1_p{1_711[k,<2>7]}, (5)

2=0
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e derivando ambos os membros de (5) em relagdo a p, tém-se

LN | O (SR ) R

Portanto, substituindo (6) em (4) obtém-se a funcdo densidade da distri-

buicdo GGG com quatro pardmetros (z > 0)

f(x; .7 k,p) = m(z)m_1 . [_ (2)7]

T A E )

A fung@o de distribui¢do acumulada correspondente a (7) é:

-
k() |
F(-f;Oé,T,k’,p) = o .
top{t-mlr(2) ]}
A varidvel aleatéria X com fungdo densidade (7) é denotada por X ~

GGG (a,T,k,p).

As fungdes de sobrevivéncia e risco correspondentes a (7) sdao

stsnrin =1~ {ufb (2) (-0 [ 2 )))

oy B o[ ()0 s () D
BT L))

Vale lembrar que a fungio risco da distribuicio GGG acomoda as formas
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crescente, descrecente, unimodal e de banheira, demonstrando-se bastante versa-
til na modelagem de dados de sobrevivéncia (ORTEGA; CORDEIRO; PASCOA,
2011).

A distribui¢do GGG possui diversos modelos como casos particulares, tais
como a exponencial geométrica (- = k = 1), proposta por Adamidis e Loukas
(1998), Weibull geométrica (k = 1), gama geométrica (7 = 1), gama generalizada
(p — 07), Weibull (k = 1ep — 07), exponencial (r = k = 1ep — 07), entre

outras.

2.6 Generalizacao de distribuicoes

Os dados de sobrevivéncia possuem caracteristicas especiais, como serem
positivos e poderem ter algumas observagdes censuradas. Desta forma, a distribui-
cdo normal, bastante utilizada na andlise estatistica, ndo é aconselhada. Sugere-se
entdo, para a andlise de dados de sobrevivéncia, distribuicdes assimétricas com
suporte nos reais positivos.

Entre as distribuicdes utilizadas na andlise de sobrevivéncia, destacam-
se a gama, gama generalizada, Weibull, exponencial, semi-normal, burr XII, en-
tre outras. Mas, essas distribuicdes nem sempre apresentam ajustes satisfatdrios,
principalmente quando ha necessidade da funcio risco assumir formas ndo moné-
tonas (ORTEGA; CORDEIRO; PASCOA, 2011). Dessa forma, pesquisas na drea
de proposicao de distribui¢des s@o intensificadas com o objetivo de obter novos
modelos que melhor explicam situagdes mais complexas. Pode-se entender como
comportamento complexo os que nio sdo facilmente modelados pelas distribui-
coes ja existentes.

Diversas técnicas podem ser utilizadas no desenvolvimento de novas dis-

tribui¢des a partir de uma j4 existente. A transformacio de varidveis aleatérias é
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utilizada naturalmente, por exemplo, se X € uma varidvel aleatéria de distribuicio
lognormal, a varidvel aleatéria Y = log(X) tem distribui¢do normal.

Outra forma de obter distribuicdes é diretamente pela caracterizacdo de
certos fendmenos ou experimentos, tal como ocorre com a distribui¢do binomial,
referente ao nimero de sucessos em n tentativas independentes de um experi-
mento, sendo que cada tentativa pode resultar em apenas sucesso ou fracasso, e
que a probabilidade p de ocorrer sucesso (ou fracasso) em cada tentativa perma-
nece constante.

Convolugdes também podem definir distribuicdes de probabilidade, como
€ o caso da distribui¢do Erlang definida como a soma de exponenciais independen-
tes e identicamente distribuidas.

Lai (2013) discute alguns métodos utilizados no desenvolvimento de no-
vas distribui¢des de probabilidade, entre os quais destaca-se a transformacgdo de
funcdes de distribuicdes.

No método transformacgdo de fungdes de distribui¢des, denomina-se dis-
tribuicdo base a familia de distribuicdes a ser generalizada e denotar-se-a suas
fungdes de distribui¢do acumulada e densidade respectivamente por G(x) e g(z).
As funcdes de distribuicdo acumulada e densidade da distribuicao generalizada se-
rdo representadas por F'(x) e f(x) respectivamente. A transformagéo utilizada na
generalizagdo define a classe de distribui¢des. E oportuno esclarecer que todas as
transformagdes sdo bem definidas, no sentido que todas as fungdes F'(x), obtidas
por transformacdes de G(x), sdo fun¢des de distribui¢do acumulada.

Algumas classes de generalizacdes de distribui¢des sdo a exponenciali-
zadas, proposta por Gupta, Gupta e Gupta (1998), a beta, discutida por Eugene,
Lee e Famoye (2002), a gama, exposta por Zografos e Balakrishnan (2009), a Ku-

maraswamy, desenvolvida por Cordeiro e de Castro (2011), a exponencializada
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generalizada, apresentada por Cordeiro, Ortega e da Cunha (2013), entre outras.
Nas préximas secdes, as principais classes de distribui¢des serdo apresen-

tadas.

2.6.1 Classe de distribuicoes exponencializadas

As distribuicdes exponencializadas, propostas por Gupta, Gupta e Gupta
(1998), sdo obtidas elevando-se ao expoente o > 0 a funcdo de distribui¢do acu-

mulada G(x) de uma distribui¢io base, isto é,
F(z)=G(z)*, 0<G(x)<l,

sendo o > 0 o novo parametro de forma.
As fungdes densidade, sobrevivéncia e risco sdo dadas respectivamente

por

(o) — Q9@ICE
1 —-G(z)

A classe de distribuicdes exponencializadas possui uma interpretacdo fi-
sica quando o pardmetro «« ¢ um ndmero inteiro positivo. Considere um equi-
pamento composto por o componentes independentes em um sistema em para-
lelo. O equipamento falhara se todos os componentes falharem. Sendo assim, seja
X1, , X, varidveis aleatdrias independentes e identicamente distribuidas que

denotam o tempo de vida dos componentes, com comum fun¢do de distribui¢io

acumulada G(x). Seja X uma varidvel aleatéria que denota o tempo de vida do
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equipamento. A fung¢do de distribui¢do acumulada F'(x) de X é obtida por

Portanto, o tempo de vida do equipamento segue a classe de distribui¢des
exponencializadas.

A classe de distribuicdes exponencializadas é também denominada de
Lehmann tipo I por Alexander et al. (2012) e Cordeiro, Ortega e da Cunha (2013),
devido as ideias apresentadas por Lehmann (1953).

A apresentacdo formal da classe exponencializada foi antecedida pela pro-
posi¢do da Weibull exponencializada por Mudholkar, Srivastava e Freimer (1995),
que possui diferentes formas para a fungao risco, tal como crescente, decrescente,
unimodal e de banheira.

Dentro dessa classe, destacam-se as distribui¢des exponencial exponen-
cializada, proposta por Gupta, Gupta e Gupta (1998), a gama exponencializada
estudada por Nadarajah e Kotz (2006b) e a Weibull modificada generalizada de-
senvolvida por Carrasco, Ortega e Cordeiro (2008).

A distribui¢c@o exponencial exponencializada possui dois pardmetros, sendo
um de forma e o outro de escala, tal como as distribui¢des Weibull e gama. Por
isso, essa distribui¢do é aconselhada como uma possivel alternativa as distribui-
coes Weibull e gama (GUPTA e KUNDU, 2001).

Gupta e Kundu (1999) desenvolveram a distribuicido exponencial genera-

lizada, obtida pela transformacdo da distribuicdo exponencial de fungdo de distri-

—p

bui¢do acumulada G(z) =1—e™ * .
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2.6.2 Classe de distribuicoes betas

A classe de distribui¢des betas introduzida por Eugene, Lee e Famoye

(2002) € caracterizada pela distribui¢do beta e definida por

1
F@) = e

G(x)
/ w11 —w)tdw, 0<G(z) <1, (8)
0

sendo @ > 0 e b > 0 os novos pardmetros de forma e B(a,b) = fol wr (1 —
w)?~1dw a fungio beta.

A funcio densidade de probabilidade da classe de distribuicdes betas cor-
respondente a expressdo (8) é dada por

f(0) = G @0 1 =G,

sendo g(x) = dG(x)/dx a fun¢do densidade da distribuicdo base.

Essa classe possui a desvantagem de que a integral em (8) pode nao ter
soluc@o analitica, dependendo da escolha da fun¢do de distribuicdo acumulada
G(z). Nestes casos, a obtengdo de F'(x) é feita por métodos numéricos. Por isso,
a classe beta € melhor empregada quando as fungdes de distribuicdo acumulada
G(z) e densidade g(z) apresentam uma expressdo analitica simples, tal como a
distribuicao exponencial, Weibull e Burr XII.

Nadarajah e Kotz (2004) introduziram a distribuicao beta Gumbel, em que
foi possivel obter analiticamente as funcdes densidade de probabilidade e risco.
Além da proposi¢do da beta Gumbel, os autores calcularam a expressdo para o
n—ésimo momento e a distribui¢do assintética da estatistica de ordem, investi-
garam a variacdo das medidas de assimetria e curtose e discutiram o método de
estimagdo de maxima verossimilhanga.

Da mesma forma, Nadarajah e Kotz (2006a) generalizaram a distribui¢io
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exponencial, denominando-a distribuicdo beta exponencial. As propriedades ma-
temdticas da distribui¢do beta exponencial foram discutidas e as expressdes para
a fungfo geradora de momentos e fungéo caracteristica foram derivadas. Os pri-
meiros momentos, a variancia, a assimetria e curtose foram apresentados. E mais,
desenvolveram as expressoes para o desvio médio sobre a média, sobre a mediana
e a distribuicdo das estatisticas de ordem. A estimagdo dos parametros pelo mé-
todo de méaxima verossimilhanga foi discutido e uma expressdo para a matriz de
informacdo esperada foi apresentada.

Barreto-Souza, Santos e Cordeiro (2010) propuseram a distribui¢io beta
exponencial generalizada, que é a generalizagcdo da distribuicdo exponencial gene-
ralizada (GUPTA; KUNDU, 1999) pela classe beta. Essa distribui¢do tem como
casos particulares as distribui¢des beta exponencial e exponencial generalizada.
Além do desenvolvimento da nova distribui¢do, os autores derivaram algumas pro-
priedades a partir da distribuicdo exponencial generalizada, tais como a expansao
da funcdo densidade de probabilidade, explicitacdo da funcdo geradora de momen-
tos e a estimagdo de pardmetros pelo método de maxima verossimilhanga.

Outra distribuicdo gerada pela classe em destaque € a beta semi-normal
generalizada proposta por Pescim et al. (2010), que generaliza a distribui¢do semi-
normal generalizada apresentada por Cooray e Ananda (2008). A utilidade dessa
nova distribui¢do foi ilustrada na andlise de um conjunto de dados reais mostrando-
se mais flexivel na modelagem de dados positivos em relagdo as distribui¢des semi-

Normal generalizada, semi-Normal, Weibull e beta Weibull.
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2.6.3 Classe de distribuicoes gama

Zografos e Balakrishnan (2009) propuseram a classe de distribui¢des gama

definida por

F(z) = Ffwv {~log[1 — G(x)] 6}, ©)

em que ¢ > 0 é o novo pardmetro de forma e v {w, ¢} = fow e u®ldu é a

funcdo gama incompleta.
Dessa forma, derivando a fun¢do F'(z) em (9), obtém-se a sua fungio

densidade de probabildiade dada por

fz) = ﬁi‘j}) {“log[1 - C(x)]}*"

em que g(x) = dG(x)/dx.

Algumas distribui¢des baseadas nessa classe sdo a Weibull exponenciali-
zada gama proposta por Pinho, Cordeiro e Nobre (2012), gama-Weibull e gama-
log-logistica apresentadas pela Hashimoto (2013) e a logistica gama desenvolvida

por Castellares et al. (2015).

2.6.4 Classe de distribuicoes Kumaraswamy

A classe de distribuicdes Kumaraswamy, desenvolvida por Cordeiro e de
Castro (2011), é baseada na distribuicio Kumaraswamy (1980) para varidveis ale-
atérias definidas no intervalo (0,1), cuja fungdo de distribui¢do acumulada ¢ dada

por

Flz)=1-(1-2%, 0<z<1, ab>0. (10)
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Substituindo a varidvel x em (10) por G(x), obtém-se a fungio de distri-

bui¢do acumulada de distribuicdes da classe Kumaraswamy, ou seja,
Flz)=1-[1-G(@)"", 0<G(z)<]1,

em que a > 0 e b > 0 sdo os novos parametros de forma.
As fungdes densidade de probabilidade, sobrevivéncia e risco sdo dadas

respectivamente por

f(z) = abg(x)G(z)* " [1 = G(2)")"™",

abg(x)G(z)*!
1-G(z)*

S(@)=[1-G(2)"" e h(z)=
Essa classe possui a vantagem de possuir uma forma fechada para a funcéo
de distribuicdo acumulada, tal como ocorre com as classes estendida e exponenci-
alizada.
Uma propriedade interessante da classe Kumaraswamy € a de possuir
como caso particular a classe de distribui¢des exponencializadas quando b = 1,
a classe estendida quando a = 1 e as distribui¢des base G/(z) quando a = b = 1.
Entre as distribui¢des obtidas por essa classe, destacam-se a Kumaraswamy
gama, Kumaraswamy gumbel, Kumaraswamy gaussiana inversa, Kumaraswamy
normal e Kumaraswamy Weibull todas apresentadas por Cordeiro e de Castro
(2011), Kumaraswamy Log-logistica e a Kumaraswamy logistica discutidas por
Santana (2012), a Kumaraswamy gama generalizada proposta por Pascoa, Ortega
e Cordeiro (2011) e a Kumaraswamy Burr XII desenvolvida por Paranaiba et al.
(2013). Sendo a Kumaraswamy gama generalizada bastante recomendada na mo-
delagem de dados de sobrevivéncia por possuir como sub-modelo a gama genera-

lizada.
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2.6.5 Classe de distribuicoes estendidas

A classe de distribuicdes estendidas apresentada por Cordeiro, Ortega e
da Cunha (2013) é definida como uma variag¢do da classe exponencializada intro-
duzida por Gupta, Gupta e Gupta (1998). A funcdo de sobrevivéncia da classe
estendida € obtida elevando-se ao expoente A a fun¢do de sobrevivéncia 1 — G(z)

de uma distribui¢ao base, ou seja,
1-F(z)=[1-G@)], 0<G(z)<1,

sendo A > 0 o novo parametro de forma.
Consequentemente, a fungdo de distribui¢do acumulada da classe esten-

dida é dada por
F(zx)=1-[1-G()]
As funcgdes densidade e risco sdo dadas respectivamente por

f(@) = Ag(@)[1 = G(x)}!

Ag(x)
h(x) = ——+—.
@) =1"¢w
Alexander et al. (2012) e Cordeiro, Ortega e da Cunha (2013) denominam
alternativamente a classe de distribuicdes estendidas por Lehmann tipo II, devido
as ideias apresentadas por Lehmann (1953).
A classe de distribui¢des estendidas também possui uma interpretagao fi-

sica quando o pardmetro A € um niimero inteiro positivo. Considere um equipa-
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mento composto por A componentes independentes em um sistema em série. O
equipamento falhard se qualquer componente apresentar falha. Sendo assim, seja
Xi1,--+, X, varidveis aleatorias independentes e identicamente distribuidas que
denotam o tempo de vida dos componentes, com comum fun¢do de distribui¢io
acumulada G(z). Seja X uma varidvel aleatéria que denota o tempo de vida do

equipamento. A fung¢do de distribui¢do acumulada F'(x) de X é obtida por

Flz)=P(X<z)=1-PX>z)=1-PX; >z, -, X\>2x)
—1-PX;>z)=1-[1-P(X; <)

=1-[1-G@=)].

Portanto, o tempo de vida do equipamento segue a classe de distribui¢des
estendidas.

Outra caracteristica interessante da classe estendida é a de possuir uma
forma fechada para a fungdo de distribuicdo acumulada, o que ndo ocorre, por
exemplo, com a classe beta proposta por Eugene, Lee e Famoye (2002) e apre-
sentada na se¢do 2.6.2. Além disso, a distribui¢ao base G(x) € um caso particular
quando A = 1.

O parametro de forma adicional A proporciona maior flexibilidade na nova
distribuicdo. No entanto, nota-se que o pardmetro A atua apenas de forma multi-
plicativa na fung¢@o risco, ndo modificando a forma da fungdo risco da distribui¢ao
base.

Algumas distribui¢des modificadas pela classe estendida geram as mesmas
distribuicdes mas com parametros diferentes, tal como ocorre com as distribui¢des
exponencial, Weibull e Pareto (BARROS, 2008). Para a distribuicdo exponencial

de pardmetro § > 0, obtém-se a distribui¢do exponencial de pardmetro 6\, para
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a Weibull de parametros o > 0 e 8 > 0, obtém-se a distribuicdo Weibull de
pardmetros a\~/# e B, para a Pareto de pardmetros k > 0 e o > 0, obtém-se a
distribuicdo Pareto de parametros k e a\.

Por outro lado, algumas distribui¢des ja conhecidas sdo obtidas pela classe
estendida. A distribui¢@o uniforme estendida, que € a generaliza¢do da distribui¢io
uniforme no intervalo (0,1) pela classe estendida, resulta na distribui¢do beta com
parametros = 1 e ), a distribui¢do logistica padrio estendida é a generalizagdo
da distribui¢@o logistica de parametros 4 = 0 e ¢ = 1, resultando na logistica
generalizada tipo II de parAmetro A, cuja fungéo de distribuicdo acumulada é dada

por (JOHNSON; KOTZ; BALAKRISHNAN, 1995)
Flz)=1—[e™/(1+e")], z€R, A>0.

Nadarajah e Kotz (2006b) propuseram duas novas distribuicdes, a Gumbel
exponencializada e Fréchet exponencializada, porém, essas distribui¢cdes apresen-
tam a mesma estrutura das distribui¢des estendidas. A distribui¢dao Fréchet expo-
nencializada (Fréchet estendida) € a generalizacao da Fréchet padrio, e a Gumbel

exponencializada (Gumbel estendida) € a generalizacdo da Gumbel padrio.

2.6.6 Classe de distribuicoes exponencializadas generalizadas

Cordeiro, Ortega e da Cunha (2013) propuseram a classe de distribui¢des
exponencializadas generalizadas adicionando dois novos parametros de forma. A
funcdo de distribuicdo acumulada dessa nova classe € caracterizada pela transfor-

macgao

F(z)={1-[1-G@)]*}, 0<G=) <1, (11)



45

sendo o > 0 e 8 > 0 os novos pardmetros de forma.

Nota-se que, a fun¢@o de distribui¢do acumulada (11) possui expressio
mais simples do que a classe beta, que também adiciona dois parametros.

A funcdo densidade de probabilidade correspondente a (11) é calculada
por

f@) = aBg(x) [1 = G(2)]* {1 - [1 - G(x)]*}"".

Verifica-se que a distribuicdo base G(z) € caso especial de (11) quando
« = = 1. E mais, para o = 1 tem-se a classe de distribui¢des exponencializadas
e para § = 1 tem-se a classe de distribui¢cdes estendidas. Assim, essa nova classe
generaliza as ideias iniciais de Gupta, Gupta e Gupta (1998), tornando as classes
exponencializada e estendida como casos particulares.

A classe de distribui¢des exponencializadas generalizadas possui interpre-
tacdo fisica quando seus parametros assumem valores inteiros positivos, tal como
ocorre com as classes exponencializadas e estendidas. Considere um equipamento
composto por 5 componentes independentes em um sistema em paralelo. Além
disso, cada componente ¢ composto por o subcomponentes independentes em um
sistema em série. Assim, o equipamento falhard se todos os 5 componentes fa-
lharem, e qualquer componente falhard se pelo menos um subcomponente falhar.
Sendo assim, sejam X1, -+, X, varidveis aleatorias independentes e identica-
mente distribuidas que denotam o tempo de vida dos o subcomponentes dentro do
j—_ésimo componente, j = 1,--- 3, com comum funcdo de distribui¢ao acumu-
lada G(x), X1,--- , X varidveis aleatorias independentes e identicamente distri-
buidas que denotam o tempo de vida dos S componentes e X a varidvel aleatdria

que denota o tempo de vida do equipamento. A func¢éo de distribuicdo acumulada
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F(z) de X é obtida por

Flz)=P(X <z)=P(X; <z, --Xg<z)=P(X; <)’
—1-PX1>2))f=[1-PXy>z -, Xia>2)
=[1-P(X11>2)") ={1-[1- P(Xy <)}

={1-[1-G@)]"}’.

Portanto, o tempo de vida do equipamento segue a classe de distribui¢des
exponencializadas generalizadas.

Andrade et al. (2015) apresentam a distribuicio Gumbel exponencializada
generalizada, proposta por Cordeiro, Ortega e da Cunha (2013), e desenvolvem
algumas propriedades, tais como expressdes para os momentos, fun¢do geradora

de momentos, estatisticas de ordem e estimacao.

2.7 Modelo de regressao locaciao-escala

Em muitos estudos, tem-se situagdes em que covaridveis, como tratamen-
tos, indicadores de grupo, caracteristicas individuais, ou condi¢cdes ambientais,
podem estar relacionadas com os tempos de sobrevivéncia. Sem duvidas, essas
informacdes devem ser incluidas na andlise estatistica dos dados. Um método efi-
ciente e elegante em considerar covaridveis na andlise estatistica é por meio de
modelos de regressao.

Krall, Uthoff e Harley (1975), por exemplo, investigaram se o tempo de
sobrevivéncia de pacientes com mieloma miiltiplo* estava relacionado com algu-

mas medidas fisiolégicas, tais como a contagem de glébulos brancos do individuo

*O mieloma miltiplo é uma doenca hematolGgica maligna que afeta originalmente
a medula éssea e se caracteriza pelo aumento do plasmdcito, um tipo de célula
que produz imunoglobulina, uma proteina que participa de nosso sistema de defesa.
http://www.abrale.org.br/pagina/mieloma-multiplo-mm
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e a presenca ou auséncia de infec¢do no momento do diagndstico, além de carac-
teristicas pessoais como sexo e idade.

Em andlise de sobrevivéncia, o modelo de regressdo mais simples, que
estabelece a relacdo entre a varidvel resposta tempo I’ e uma tnica covaridvel z, é

dado por

T = By + Prx + ¢, (12)

em que 5y e B sdo os pardmetros a serem estimados e € € o erro aleatério com
distribuicao normal.

No entanto, conforme Colosimo e Giolo (2006), o modelo (12) nem sem-
pre é adequado para dados de sobrevivéncia, pois, a distribuicdo da varidvel res-
posta 7" tende a ser assimétrica, desencorajando o uso da distribuicdo normal para
€.

Alternativamente ao modelo (12), podem ser considerados modelos log-
lineares para 7', resultando em Y = log(T") = By + S12 + € ou, na presenca de [

covariaveis,

Y =log(T) =0+ friz1+ -+ Bz +e=x'B+e, (13)

emque x' = (1,21, ,2), B8 = (Bo,B1, -, 5) e € é o erro aleatério de mé-
dia zero e pardmetro de escala ¢ > 0. Distribui¢cdes adequadas para 1" sdo, por
exemplo, a log-normal, gama, log-logistica, Weibull, entre outras. De forma cor-
respondente para ¢, as distribui¢des apropriadas sdo a normal, log-gama, logistica,
valor extremo, entre outras.

O modelo de regressao (13) é conhecido como modelo de locac@o e escala,

pois a distribuicdo de Y pertence a familia de distribui¢des que se caracteriza pelo



48

fato de ter um parAmetro de loca¢do p = x’'3 e um parAmetro de escala o > 0.

A inferéncia estatistica nos modelos de regressio locacdo e escala € reali-
zada por meio das propriedades assintéticas dos estimadores de maxima verossi-
milhanga (LAWLESS, 2003).

Diversos autores detalham os modelos de locagdo e escala, ou modelo de
tempo de vida acelerado, tais como Cox e Oakes (1984) e Kalbfleisch e Prentice
(2002). Lawless (2003) apresenta mais detalhes dessa classe de modelos, além de
véarios modelos usando distribui¢des de probabilidade para T', comumente usadas

em analise de sobrevivéncia.

2.8 Inferéncia estatistica

Assumindo um modelo paramétrico adequado para a andlise dos dados,
deseja-se fazer inferéncias com base nesse modelo. Em geral, essa andlise torna-
se mais complicada quando se necessita incorporar dados censurados.

Nesta secdo apresentar-se-4 o método da méaxima verossimilhanca e a
abordagem bayesiana para estimacao e testes de hipdteses para modelos em andlise

de sobrevivéncia.

2.8.1 Método de maxima verossimilhanca

Sejam (y1,01,X1), - , (Yn,0n,Xn), n observacdes independentes, com y; =
log(t;) o logaritmo do tempo de falha ou censura, J; o indicador de censura e
x; = (@1, ,xil)/ o vetor de covaridveis, para todo i = 1,2,--- ,n. O loga-
ritmo da fun¢do de verossimilhanca definida em (1), considerando uma amostra

completa, é dado por

(6) =Y log | £(yi)| + X log | S(y)].

el icC
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em que f(y) e S(y) sdo as fungdes densidade e de sobrevivéncia da varidvel alea-
toria Y, 0 € o vetor de parametros e F' e C' denotam os conjuntos de observagdes
ndo censuradas e censuradas, respectivamente.

Os estimadores de médxima verossimilhanga sido obtidos derivando ¢(6)
em relacdo ao vetor de pardmetros desconhecido 8 e resolvendo o sistema de equa-

¢coes
U@)=——==0. (14)

Quando o sistema de equagdes (14) é nao-linear, as estimativas de maxima
verossimilhanga s@o obtidas por procedimentos iterativos, tais como os métodos de
otimiza¢ao Newton-Raphson ou quasi-Newton.

As propriedades assintéticas dos estimadores de mdxima verossimilhanga
sdo0 usadas na construgdo de intervalos de confianca e testes de hipdteses sobre os
parametros do modelo. Considerando o fato que, sob certas condi¢des de regulari-
dade, 6 tem assintoticamente distribui¢do normal multivariada de média 6 e matriz
de variancias e covariancias dada pelo inverso da matriz de informag¢do de Fisher
1(6), em que 1(0) = E[-L(8)] e L(8) = 92((8)/0006'. Ou seja, a matriz de
variancia e covariancias dos estimadores de mdxima verossimilhanca é aproxima-
damente o negativo da inversa da esperanga da matriz de derivadas segundas do
logaritmo de L(8).

Como o célculo da matriz de informagdo de Fisher I(0) é complicado,
devido as observagdes censuradas, pode-se utilizar o negativo da matriz Hessiana,
—1(6), avaliada em 6 = 6, que é um estimador consistente para I(0). Portanto, a

distribuicdo assintética para 0¢ especificada por

~

6 <Ny {9,;—“5)_1] :
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o~

em que —L(6) é a matriz de informacéo observada e d é o niimero de parimetros
do modelo.

Para avaliar se duas distribui¢des encaixadas sdo equivalentes, pode-se uti-
lizar o teste de razdo de verossimilhangas (LR, do inglés likelihood ratio). Con-
siderando a particio 8 = (07,61)T, em que 0, é um subconjunto de pardme-
tros de interesse e @2 é um subconjunto de pardmetros remanescentes. A estatis-
tica LR para testar a hipdtese nula Hy : 67 = 0&0) versus a hipdtese alternativa
H,:0, # 050) ¢ dadapor LR = 2{6(5) —4(6)},emque B e 6 sio os estimadores
de méxima verossimilhanca sob as hipdteses nulas e alternativa, respectivamente.
A estatistica LR ¢ assintoticamente distribuida como x?2, com v a dimensio do
subconjunto de pardmetros de interesse 6.

O método de maxima verossimilhanca, no contexto da andlise de sobre-
vivéncia, foi usado por diversos autores, destaca-se Ortega et al. (2012) para
o modelo de regressdo log-gama generalizada exponencializada e Gomes et al.
(2014) na estimacdo dos parametros da distribuicio Kumaraswamy Rayleigh ge-
neralizada. No ambito das familias de distribuicdes, Cordeiro e de Castro (2011)
discutem a estimacdo de parametros na familia de distribuicdes Kumaraswamy,
Cordeiro, Alizadeh e Ortega (2014) na classe de distribui¢des semi-logistica ex-
ponencializada e Bourguignon, Silva e Cordeiro (2014) na familia de distribui¢des

Weibull-G.

2.8.2 Analise bayesiana

Na abordagem cldssica paramétrica, 6 € considerado como uma quanti-
dade desconhecida fixa. Contudo, na bayesiana, # é uma quantidade que pode ser
descrita pela distribuicdo de probabilidade a priori w(0).

Combinando a informagio a priori com a fun¢do amostral f(x|6) tem-se,
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pelo teorema de Bayes, a distribuigéo a posteriori w(6|x), que é obtida por

f(z]0)(6)
w(0)x) = , 0€0.
(0]2) f® f(x|0)m(0)do
Para uma amostra aleatéria observada x = x1, - ,x, de f(x|f), tem-se
que
L(0]x)m(6)
= 1
7(6]x) T L(O1)m(0)d8” 0eco, (15)

em que L(A|x) = [[i f(x;]0) é a fung¢do de verossimilhanca de 6 correspon-
dente a amostra observada x.

Note que o denominador em (15) € a distribui¢do marginal de X, que fun-
ciona como uma constante normalizadora de 7 (6|x), pois ndo depende de 6. En-
tdo, pode-se omitir o termo [, f(x|0)7(0)df em (15), e a igualdade ¢ substituida

por uma proporcionalidade, ou seja,
m(0]x) o< L(O|x)7(0).

Pelo teorema de Bayes € possivel atualizar a informacgéo a respeito do
parimetro # com base na amostra observada x, e utilizd-lo para quantificar esse
aumento de informagdo. Sendo assim, na inferéncia bayesiana considera-se a
maior quantidade de informacdo disponivel para 6, que é a distribui¢do a pos-
teriori (0|x).

Considerando o vetor de pardmetros @ = (01, - - - , 6,), é necessério obter

a distribui¢do marginal a posteriori w(6;|x) para cada pardmetro 0;, i = 1,--- ,d,
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pela integragdo da funcéo densidade conjunta a posteriori (6|x), ou seja,

(6,]%) :/---/ﬂ(ﬂlx)da_i, (16)

em que 6_; refere-se a todos os parametros exceto 6;.

A resolugdo analitica da integral (16) €, em geral, impraticdvel. Uma das
alternativas € a utilizacdo de métodos numéricos, dentre 0s quais destacam-se 0s
algoritmos dos métodos de Monte Carlo via Cadeias de Markov (MCMC), que tem
como objetivo simular um passeio aleatério no espacgo do pardmetro 6, o qual con-
verge para uma distribuicio estaciondria, que € a distribuicao marginal a posteriori
de 6 (PAULINO; TURKMAN; MURTEIRA, 2003).

Os métodos MCMC, utilizam a simulacdo estocdstica considerando as dis-
tribui¢des condicionais completas a posteriori de cada parametro para gerar amos-
tras que convergem para a densidade marginal, com o aumento do tamanho dessa
amostra.

A distribuic@o condicional completa a posteriori do pardmetro 6;, deno-
tada por m(6;|0_;,x), é obtida considerando na densidade conjunta a posteriori
7(6|x) todos os pardmetros 6_; conhecidos e, assim, a expressdo se torna menos
complexa, ja que as constantes podem ser desconsideradas.

Na obtengdo da distribuicio a posteriori de 8 pode-se considerar dois al-
goritmos: o amostrador de Gibbs quando as condicionais completas possuem for-
mas conhecidas (GELFAND; SMITH, 1990), ou o algoritmo Metropolis-Hastings
para o caso em que as condicionais completas possuem formas desconhecidas
(HASTINGS, 1970).

A distribuicdo marginal a posteriori de um pardmetro 6; contém toda a
informacdo probabilistica a respeito deste parametro. No entanto, algumas vezes,

€ necessdario resumir a informagdo contida nesta distribuicdo por meio de alguns
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poucos valores numéricos. Um caso simples é a estimacfo pontual de 6;, em
que se resume a distribui¢do marginal a posteriori por meio de um tinico nimero
b,. B importante, também, associar alguma informacéo sobre o qudo precisa é a
especificacdo deste nimero. As medidas de incerteza mais usuais so: a variancia
e o coeficiente de variacdo para a média a posteriori, a medida de informacao
observada de Fisher para a moda a posteriori e a distancia entre quartis para a
mediana a posteriori.

O préprio conceito de estimacdo pontual de parametros, conduz no cena-
rio bayesiano, a considerar como estimativas os pontos criticos da distribuicio a
posteriori.

Um resumo de 7(6@|x) mais informativo do que qualquer estimativa pon-
tual é obtido de uma regido do espago paramétrico de @, que contenha uma parte
substancial da massa probabilistica a posteriori, chamada de intervalo de credibi-
lidade (PAULINO; TURKMAN; MURTEIRA, 2003).

Um intervalo C, contido no conjunto suporte de 6;, ¢ definido como in-
tervalo de credibilidade com nivel de credibilidade 100(1 — «)% de 60, se P(6; €
C)>1-a.

Dada a infinidade de intervalos de credibilidade de probabilidade 100(1 —
)%, interessa selecionar aquele de menor comprimento possivel. O intervalo
de credibilidade de comprimento minimo é obtido tomando os valores de 6; com
maior densidade a posteriori, tal intervalo de credibilidade € denominado de méa-
xima densidade a posteriori, ou simplesmente HPD (do inglés hightest posterior
density). Em um intervalo HPD, todos os seus valores possuem densidade maior
que qualquer outro ponto fora dele.

Em andlise de sobrevivéncia, ha diversos trabalhos utilizando a abordagem

bayesiana, tais como os de Pascoa et al. (2011) para a distribui¢do Kumaraswamy
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gama generalizada, Paranaiba et al. (2013) na distribui¢do Kumaraswamy Burr
XII, Pascoa et al. (2013) para o modelo de regressdo log-Kumaraswamy gama

generalizada e Hashimoto et al. (2015) no modelo McDonald Weibull estendida.

2.9 Critérios de informacio AIC, BIC e CAIC

A selecdo de um modelo mais adequado, entre os disponiveis, pode ser
realizada com base em algum critério. Em geral, considera-se uma medida de
qualidade de ajuste em relacdo aos dados. Alguns dos critérios conhecidos consi-
deram, também, a complexidade do modelo avaliado.

Akaike (1974) prop0s o critério de informacdo de Akaike (AIC, do inglés
Akaike information criterion), estabelecendo uma relacio entre a maxima verossi-
milhanga e a informagdo de Kullback-Leibler.

O critério de informacao bayesiano (BIC, do inglés bayesian information
criterion), proposto por Schwarz (1978), é um critério de avaliacdo de modelos
definido em termos da probabilidade a posteriori.

Emiliano et al. (2009) apresentam os fundamentos dos critérios AIC e
BIC e um estudo de comparagao entre eles em modelos normais. Os autores res-
saltam que tanto o BIC quanto o AIC tiveram resultados semelhantes para grandes
amostras. Entretanto, para amostras de tamanho pequeno, ambos os critérios nao
apresentaram bons resultados.

Hurvich e Tsai (1989) estabeleceram o critério de informacao Akaike cor-
rigido (CAIC, do inglés corrected Akaike information criterion), melhorando o
tradicional AIC em pequenas amostras. No CAIC € considerada uma ponderacgio
entre o nimero de pardmetros e o tamanho amostral.

Considerando esses esses critérios, estabelecera como o melhor modelo

aquele que apresentar menor valor para AIC, BIC e CAIC.
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Para uma amostra aleatéria Xy, - - - , X, de tamanho n e vetor de parame-

tros 6, as estatisticas AIC, BIC e CAIC podem ser calculadas por

AIC = —2£(6) + 2d,

BIC = —2/(0) + dlog(n),

(d+1)(d+2)

CAIC = AIC+ 2
L

sendo £(0) o logaritmo da fun¢do de verossimilhanga maximizada e d o nimero
de parametros estimados pelo modelo.

Nota-se que esses critérios, essencialmente, penalizam a verossimilhanga
do modelo pelo nimero de varidveis estimadas e, eventualmente, pelo tamanho da
amostra.

Os critérios AIC, BIC e CAIC foram aplicados por Pascoa et al. (2013) na
comparagao dos modelos de regressdo log-Kumaraswamy gama generalizada e o
de Cox (1972). Hashimoto et al. (2015) utilizaram as estatisticas AIC e BIC para
comparar o modelo McDonald Weibull estendida com seus submodelos Weibull

exponencializada, beta exponencial e Weibull.
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The Extended Generalized Gamma Geometric
Distribution

Juliano Bortolini*, Marcelino A. R. Pascoa™, Renato R. de Lima® and
Anderson C. S. de Oliveira¥

Abstract

We propose and study the so-called extended generalized gamma geo-
metric distribution. The proposed distribution has five parameters and
it can be accommodate increasing, decreasing, bathtub and unimodal
shaped hazard functions. The new distribution has a large number of
well-known lifetime special sub-models such as the generalized gamma
geometric, Weibull geometric, gamma geometric, exponential geomet-
ric, Rayleigh geometric, half-normal geometric among others. We pro-
vide a mathematical treatment of the new distribution including ex-
plicit expressions for moments, moment generating function, mean de-
viations, reliability and order statistics. The method of maximum like-
lihood and a Bayesian procedure are adopted for estimating the model
parameters. Finally, an application of the new distribution is illustrated
in a real data set.

Keywords:  Generalized gamma distribution, Weibull geometric distribution,
lifetime distribution, maximum likelihood estimation, bimodality.

2000 AMS Classification: 60E05, 62E15, 62P25

1. Introduction

The generalized gamma (GG) distribution, introduced by Stacy [31], is an ex-
tensive family that contains a variety of special sub-models, including the exponen-
tial, Weibull, log normal, gamma and Rayleigh distributions, among others. This
distribution is suitable for modeling lifetime data and for modeling phenomenon
with different types of hazard rate function as well as monotonically increasing
and decreasing, in the form of bathtub and unimodal [13].

Several distributions based on extensions or mixtures of the distributions were
developed in last years providing more flexibility for modeling survival data. Ada-
midis and Loukas [2] introduced a two-parameter distribution with decreasing
hazard rate so-called exponential geometric (EG). Silva et al. [29] proposed the
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generalized exponential geometric with decreasing, increasing and unimodal haz-
ard rate depending on their parameters. Gupta and Kundu [17, 18] developed the
generalized exponential (GE) and exponentiated exponential distributions which
has increasing or decreasing hazard rate depending on the shape parameter. These
authors provided more results of the GE distribution in [19, 20]. Mudholkar et al.
[22] introduced the exponentiated Weibull (EW) which has unimodal hazard rate
function, Lai et al. [21] proposed the modified Weibull, Carrasco et al. [6] pre-
sented the generalized modified Weibull (GMW), Silva et al. [30] studied the beta
modified Weibull distribution which admits only increasing and decreasing hazard
rate functions and Barreto-Souza et al. [5] defined the Weibull geometric (WQG)
which is an extension of the EG distribution and considered for modeling mono-
tone or unimodal hazard rates. Cordeiro et al. [7] introduced the exponentiated
generalized gamma distribution, Pascoa et al. [26] proposed the Kumaraswamy
generalized gamma, Paranafba et al. [25] exposed the Kumaraswamy Burr XII.
Cordeiro et al. [9] defined the beta-Weibull geometric, Cordeiro et al. [10] pre-
sented the Kumaraswamy modified Weibull that contains as special sub-models the
GMW, EW among others distributions. Al-Zahrani et al. [3] defined the (P-A-L)
extended Weibull distribution and Cordeiro et al. [11] proposed the Kumaraswamy
exponential-Weibull distribution that generalizes a number of well-known special
lifetime models such as the Weibull, exponential, Rayleigh, modified Rayleigh,
modified exponential and exponentiated Weibull distributions, among others.

Ortega et al. [24], following the idea of Adamidis and Loukas [2] for a process of
mixing distributions, introduced the generalized gamma geometric (GGG) distri-
bution with four parameters that generalizes the GG, EG and WG distributions.

The GGG distribution has monotonically increasing and decreasing, in the form
of bathtub and unimodal hazard rate. However, this distribution and their sub-
models does not provide a reasonable parametric fit for some practical applications
which data may be bimodal shape.

In this work we propose so-called the extended generalized gamma geometric
(denoted with the prefix “ExGGG” for short) distribution with five parameters and
derive some of their properties with the hope that it will attract wider applications
in reliability, engineering and in other areas of research. We are motivated to study
the ExGGG distribution because of the wide usage of the GGG distribution and
their sub-models in survival analysis. Furthermore, the current extension provides
density and hazard rate functions with great flexibility to model complex data in
a great variety of applications including the bimodal cases.

The paper is outlined as follows. In Section 2, we define the ExGGG distribution
and some of their submodels. Further, we derive useful expansions for its density
function. In Section 4 we obtain two alternative expansions for the moments. In
Section 5 we provide an explicit expression for the moment generating function.
The mean deviations are determined in Section 6. The reliability is derived in
Section 7. In Section 8 we derive the density function of the ith order statistic.
Maximum likelihood method and Bayesian approach for the parameter model are
discussed in Section 9. The usefulness of the new model is illustrated by means of
an application to real data in Section 10. Some conclusions are offered in Section
11.
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2. The ExGGG distribution

The distribution GGG with four parameters « > 0, 7 > 0, k > 0 and p € (0,1),
defined by Ortega et al. [24], has the probability density function (pdf) given by

o= B () [ ()] (o (5)])
where x>0, y(k,x) f wkF~le~dw is the incomplete gamma function,
= fo w*~le="dw is the gamma function and v, (k,z) = v(k,z)/T(k) is the

incomplete gamma function ratio.
The cumulative density function (cdf) of the GGG distribution is

x> 0.

2.1 Glx) = mlr(3)
IR )

Let G(x) be a cdf, the extended class of distributions (also referred as the
Lehmann type II class of distributions) presented by Cordeiro et al. [8] corre-
sponding to G(z) is defined by F(z) =1—[1 — G(a:)]A, where A is a positive real
number. Hence, the cdf of the ExGGG with five parameters o > 0, 7 > 0, £ > 0,
A >0 and p € (0,1) has the form

IR PR 1 (1 R L
(2.2) F(r)=1 {1 i )T]}}, 0

1_p{1_’71 a(%

s = AR e (&) 0 ()
e {0 GV

A random variable X having pdf (2.3) is denoted by ExGGG(«,T,k,p, ).
Clearly, when A = 1 we have GGG distribution. Some distributions are obtained
from (2.3) as particular cases, for example, when k& = 1 we have the extended
Weibull geometric (ExWG), which is a new distribution, for k¥ = A = 1 we have
the WG distribution, for 7 = k = A = 1, we obtain the EG distribution. The GG
distribution is the limiting distribution (the limit is defined in terms of the con-
vergence in distribution) of the ExGGG distribution when p — 0% and A = 1. On
the other hand, if p — 17, we obtain the distribution of a random variable Y such
that P(Y = 0) = 1. Hence, the parameter p can be interpreted as a degeneration
parameter. Some important ExGGG sub-models are listed in Table 1.

The survival and hazard rate functions corresponding to (2.2) are

o n [k (2)] '
S(x) {1 1_p{1—’71[k7(§) ]}}




Table 1. Some ExGGG Distributions.

Distribution T o« kK p A
Extended Gamma geometric 1 « kK p A
Extended Chi-square geometric 1 2 5 P A
Extended Exponential geometric 1 « 1 p A
Extended Weibull geometric c o 1 p A
Extended Rayleigh geometric 2 ov2 1 p A
Extended Maxwell geometric 2 ov2 2 p A
Extended Half normal geometric 2 o4/7 ; p A
Extended Generalized gamma, T o k 07 A
Extended Gamma 1 o k 0F X
Extended Chi-square I 2 2 0F A
Extended Exponential 1 o 1 07 X
Extended Weibull c a 1 0% A
Extended Rayleigh 2 ov2 1 0t A
Extended Maxwell 2 ov2 2 0F A
Extended Half normal 2 om % 0t A
Generalized gamma geometric T o« kK p 1
Gamma geometric 1 « kEk p 1
Chi-square geometric 1 2 5 p 1
Exponential geometric 1 o 1 p 1
Weibull geometric c « 1 p 1
Rayleigh geometric 2 ov2 1 p 1
Maxwell geometric 2 ov2 2 p 1
Half normal geometric 2 oym ; p 1
Generalized gamma T a k 0F 1
Gamma 1 o k 0t 1
Chi-square 12 4 0f 1
Exponential 1 o 1 07 1
Weibull c a 1 0Ft 1
Rayleigh 2 ov2 1 0t 1
Maxwell 2 ov2 3 0F 1
Half normal 2 om % 0t 1

and

h(z) =

U () exp [— (2)7] (L—p {1 — 1 [k, (2

e

1)~

1— ik (

)
e e (2T}
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respectively. Plots of the ExGGG density and hazard rate function for selected
parameter values are given in Figures 1 and 2, respectively. Note in Figure 1(a)
that the density function of the ExGGG distribution has very flexible shapes, es-
pecially bimodal. This is a great advantage of the distribution proposed in relation
to their sub-models because none has bimodal density. The hazard rate function
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also presents some peculiar shapes. For instance, the blue hazard rate function in
Figure 2(a) is initially increasing and then decreasing and finally increasing again.

(a) (b)

0.6

a=18,1=12, 02
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Figure 1. Plots of the ExGGG density for some parameter values.

The ExGGG distribution has an attractive physical interpretation whenever A
is a positive integer. Consider a device made of A\ components independent and
identically distributed according to G(x) (2.1) in a series system. The device fails
if any component fails. Let Xi,---, X denote the lifetimes of the components,
with common cdf G(z). Let X denote the lifetime of the device. Thus, the cdf
F(z) of X is

Fz) = PX<z)=1-PX>z)=1-PX; >z, ,X)\>zx)
= 1-PX;>a)=1-[1-P(X; <)
= 1-[1-G@).

So, the lifetime of the device obeys the ExGGG distribution.

3. Expansion of the density function

Now, we demonstrate that the density function (2.3) can be expressed as a
linear combination of GG density functions. This result is important to provide
mathematical properties of the ExGGG distribution directly from properties of
the GG distribution.

Let go,rix(2) be the density function of the GG(«, 7, k) distribution given by

Gourr e (%) = aFT(k') (g)ﬂHeXp [_ (2)7} 2> 0.

For |z| < 1 and p € R, we consider the power series

(3.1) (1-2)f = i(_l)j <p> 2,

i=0 J
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Figure 2. The ExGGG hazard rate function. (a) Plots of the haz-
ard rate function for some parameter values. (b) Unimodal hazard
rate function. (c) Bathtub hazard rate function. (d) Increasing and
decreasing hazard rate function.

where (4) = T(p+1)/[C(p— 7+ 1)j!].
Considering (3.1) in (2.3), the pdf of the ExGGG(a, 7, k, p, \) can be written as

r@ = T () e L 0o ()T
< 20 () ()T (ol W () TD

Jj=0
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Grouping common terms, using (3.1) and binomial expansion, we have that
- T Q) e ()]
fa) = ol (k) \a P !

CSY (Capre </\ ; 1) < 0+ 2)> (;)pl% o (5)]

J,l=0 m=0

We can substitute >°75_ S, for > ram=0 2l to obtain
A (1 =p) TR T\T
o = Trm @) e - G) ]

(3:2) D SETNOPALY =7

7,m=0

where

9 o= Er ()5 (1)

l=m

Therefore, using the result (A.3) (givin in Appendix A) in the expression (3.2),
the pdf f(x) can be written as a linear combination of the distribution GG, in the
form:

(34) f (33) = Z wjtm,q(l@pa A)Qa,r,k' (SL‘), x>0

J,m,q=0

where k* = k(j+m~+1)+4q, go,r ke (x) has distribution GG(a, 7, k*), the weightings
Wjm.q(k,p, A) are given by

T (k*)
(3.5) Wjm,q(k, 0, A) = A (1= p) sj,m (A P) Cjm,g T (k)j+m+1 )
and the coefficients ¢; 1., ¢ are determined from the recurrence relation (A.2) (Ap-
pendix A).

Expression (3.4) shows that the density function ExGGG distribution can be
written in terms of a linear combination of densities GG.

4. Moments

Some important features of a distribution such as dispersion, skewness and
kurtosis can be studied through their moments. In this section we obtain two
alternative expansions for the moments of the ExGGG distribution. Initially, we
know that the rth ordinary moment of the GG(«, 7, k) distribution, denoted by

, .
Ky gy 18

(4.1) M;,GG = W-
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Now, follows from expressions (3.4) and (4.1), the rth moment ordinary of the
ExGGG(a, 1, k,p, A) is given by

142 d=a” > wmalb N LI
Jym,q=0

The expression (4.2) depends on the quantities ¢4, which are obtained re-
cursively by (A.2).

Another infinite sum representation for /. is obtained computing the moment
directly, that is

o= A e () e ()]
k)TN
o A T R (R o I

Setting y = (%)T in the last expression,

= )\(lf_(lf))a /OOO v exp (—y) {1 —p[1 —m (k,y)]}
@3 x {lemkp sk

Considering (3.1) in (4.3) twice conveniently, we have that

’ A(l_P)aT /Oo k+Z—1
fe = ——=pa— [ Yy T hexp(~y
Th o )

i (-1 (A ; 1) (_ (jl+ 2)>71 (k) p' (1= (k)] dy.

7,1=0

Using the binomial expansion in the term [1 — ~q (k, y)}l, the last expression is
rewritten as

o g S o))

oo .
(4.4) x / y* T exp (—y) m (k,y)" T dy.
0

Replacing > 77_ Zm o for 3270, 0 212, in the expression (4.5), we have

W = J;Olz;n yitim (A; 1) (— (jl+ 2)) <Tln>pl

e .
8 / y*T L exp (—y) m (k,y)’ T dy.
0
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Therefore ). can be rewritten as

/o A(l—p)o/

o,
Hy = Wsj,m (Ap) I (kﬁL ¥ er) ;

where $; . (A, p) is defined by expression (3.3), and
T e r_ ;
I (k + +m) =/ Yy exp (—y) y (kyy) T dy.
0

This integral can be determined from expressions (24) and (25) of Nadarajah
[23] in terms of the Lauricella function of type A [14, 1]defined by

Fjgn) (a;bl,.. ybpscer, ... Cn;ml,,, J;n) =
Z Z m1+ g (01) g, = (On) g
D ] RS M TR

where (a); is the ascending factorial defined by (a); = a(a+1) - - - (a+i—1) assuming
(a)o = 1. Numerical routines for the direct computation of the Lauricella function
of type A are available [14, 32]. We obtain

I(k+Z,54+m) =k 0T /7 4k (j+m+1)]
T
X FSP (e )r 4 k(G +mA 1)k, kk+ 1, k+ 11, 1)

The graphic representations of the skewness and kurtosis measures in terms of
A for selected values of «, 7, k and p, are shown in Figure 3.

(a) (b)
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25

Skewness
20
Kurtosis
0.0
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201 k= 2049206

15
!

1.0

Figure 3. Skewness and kurtosis of the ExGGG distribution as a func-
tion of the parameter \.
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5. Moment Generating Function

Here, we provide two expressions for the mgf of ExGGG distribution based on
mgf of GG distribution.
Let My -1 (s) = E [exp (sX)] be mgf of X ~ GG (o, 7, k). We can write

T

My - x(s) = m /000 exp(s:c)x’rk*1 exp{—(z/a)" }dx.

Setting u = x/a, we have
T o0
Mo x(s) = —/ exp(asu)u™ 1 exp(—uT)du.
(k) Jo

Expanding the first exponential in Taylor series and using
JoS w4 exp (—u”) du = 77T (k + d/7), we obtain

51) Marals) = iy o0 (£r) L

d=0
Using the result in (3.4), the mgf of ExGGG(a, 7, k, p, A) is given by

M(s) = Z Wj,m,q (ks Dy A) Mo,z ke (),

7,m,q,d=0

where k* = k(j + m + 1) + ¢ and wj . q(k,p, A) is given by (3.5).
Therefore,

= Wj m,q(k, Py A d 2 (as)d
o= 5 timdbaod e

However, for 7 > 1, it can be simplified by considering the Wright generalized
hypergeometric function [34] defined by

J,m,q,d=0

p
H (a; + Aj;d)

(alvAl)a : (OZ ) . = j=1 id

(5.2) ;D\I]q|: (51731), (52» Z) ; Z 7 Tk
m=0 H (B; + Bjd)

This function exists if 1 + 37, B; — >-7_; A; > 0. Combining the results in
(5.2) to rewrite (5.1), we have

(5.3) Myrr(s)= ﬁl\% [ (k,1/7) ;043} .

Finally, the mgf of ExGGG can be written from expressions (3.4) and (5.3) as

oo

_ Wjm,q(Ky Dy A) (k*,1/7) .
M(s) = jﬁm%:d_o Wllﬂo [ a ,as] .
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6. Mean Deviations

The amount of scatter in a population is evidently measured to some extent
by the totality of deviations from the mean and median. If X has the ExGGG
distribution with density function f(z), we can derive the mean deviations about
the mean pf = F(X) and about the median m; from the relations

6 = / |z — pi|f(x)dz and &g = / |z — ma|f(x)dx.
0 0
The measures §; and Jo can be expressed as
(6.1) 01 =2 F(py) —2I(py) and & = py — 2I(ma),

where I(s) = fos zf(x)dx and F(u}) is calculated from (2.2). The integral I(m;)
can be obtained from the expression (3.4) as

I(my) = Z Wjm,q(k, D, )\)/ TGa,r ke (x)dx
j,m,q=0 0
(6.2) = Z Wjm,q(k, 0, N)J (o, 7, k®,my).

J,m,q=0

By setting u = z/« in the expression (6.2), we obtain

. ar [m/e ke .
J(o, 7,k my) = m/o u™ exp(—u")du.
The substitution w = ™ yields J(«,7,k®, m1) in terms of the incomplete
gamma function
; . o« (m1/a)” Kot
(o, 7,k%,mq) = F(k')/o w exp(—w)dw
@

ey 7 (ma /)]

Hence, inserting the last result into (6.2) gives

_ c- awjym,q(k,p, A) . -1 T
I(my) = | > Wﬂk + 771 (my /)7
Jym,q=0

The ExGGG mean deviations follow from (6.1) and the last expression. The
result is analogous to I(u}).

7. Reliability

In the context of reliability, the stress-strength model describes the life of a
component which has a random strength X; that is subjected to a random stress
X5. The component fails at the instant that the stress applied to it exceeds
the strength, and the component will function satisfactorily whenever X; > Xs.
Hence, R = P(Xs < Xj) is a measure of component reliability. It has many
applications especially in engineering concepts such as structures, deterioration
of rocket motors, static fatigue of ceramic components, fatigue failure of aircraft
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structures, and the aging of concrete pressure vessels. We now derive the corre-
sponding form for the reliability R when X; and X: are independent and have
identical ExGGG distribution. The reliability of the ExGGG distribution is

r- [ " f@)F@)d,

where f(x) and F(x) are calculated from (3.4) and (2.2), respectively. The relia-
bility can be written explicitly as follows

(oo}

R= Z wj,m,q<k7pa /\)ga,T,k' ($)

0 jm,q=0

k(@] )
1{1117{171[’%(5)7”} “
= i Wjm,q(k,p, A)

J,m,q=0

1—/Oooga,r,k°($){1_ 1_pg;£k;fzf/zr}(m)f]}} "

[e%

X

X

Using the expansion (3.1) twice conveniently in the expression above, we have

R= Z wj,m,q(k7p7 )‘) (1 - /0 Ga,r,k® (Z‘)

J,m,q=0

xS () )T o ()] )

r,u=0

Using the binomial expansion in expression (7.1), we have

R = Z wj,m7q(k,p,)\){1—/0 ga,r,k'(l')

J,m,q=0

S S () () (e e ()] o)

r,u=0 t=0

We can substitute Y5 >0 o for 305>, to obtain

R= Z wj;m,q(]@pa )‘)

J,m,q=0

X {1 - /OOO Ga,r ke (T) i srt(p, MM |:]§7 (2)7} it dw}j

r,t=0

= Er= ()2

u=t

where
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How go,r ke (x) has distribution GG(«, 7, k*), we obtain

R= i wj}mﬂ(k?p’)\){l_/o‘ooal—j(-k')(z)Tk.1

J,m,q=0

72 x| (2)] 30 smto i [ (2) ] dx}.

r,t=0

Finally, setting w = (g)T in (7.2), we have

= = Srt(p7 )‘) o
= - 1 — _— = 7
R E wj,m’q(k,p,)\){ E F(k°+q)l<k —i—q,r—i—t)},

4,m,q=0 r,t=0

where
T +q,r+1) = / W exp(—w)yi (k, w)Hdw,
0

k° = k(j +m + 1) and wjmq(k,p,\) is defined by expression (3.5). Using the
Lauricella function of type A (defined in Section 4), the last integral can be written
as

T 4qr+t)=F)""Dig+k(r+t+1)
xFxglr+t)(q+ko(r+t+1);ko7"' 7ko;ko+1a"' 7k0+1;_1a"' ?_1)

8. Order Statistics

The density function f;.,(x) of the ith order statistic, say X;.,, fori =1,...,n,
from random variables X7, ..., X,, having density (2.3), is given by

1

Bl it/ @@= F@P™,

where f(x) and F(z) are the pdf and cdf of the ExGGG distribution, respec-
tively and B(+,-) denotes the beta function. We readily obtain using the binomial
expansion

funle) = mf () J;)(—l)ﬁ (”J: ’) F(z)+n—t

However, if F'(z) is the cdf of ExGGG distribution defined in (2.2) has

itji—1

Flay it = (1 {1_ 7 [k, (Zi)T]ﬁ)T]}}A

lfp{l—'yl [k,(
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Using the binomial expansion in the last expression, we obtain

i+j1—1 ; i
Fla)itit = (1) i+ -1
123 < L )
71 [k:, (5)7} "
(8.1) x {1_1—p{1—“¥1 [k7(Z)T]}} .

Considering (3.1) in (8.1) twice conveniently, we have that

Pyt = 35 3T (Cpyeste ( +i - 1) (h:) (—as>pa

1,=0 s,a=0

b OT RO

Now, using the binomial expansion in the expression {1 - [k:, (%)T] }a, we
have

i+j1—1 oo
=0 s,a=0b= O

FRG T

We can substitute Y0 >0 for 32 3", to obtain

i+j1—1 oo
1 74 8+b
2 = 5 S (T [ ()]
«

11=0 s,b=0
where
. l1+s+a+b llA —$ a n
Sty,sb(Ap) = Z(_l) s a b p.
a=b

The expression (8.2) can be rewritten as
F(z)*n=t = i Psbi+ji—1 (A P)m [lﬁ (E)T}SH},
i @
where
(83 praa0p) = 3 snca0n) (1)
=

For s,b,u = 0,1,..., the density function of the ith ExGGG order statistic
becomes

fnla) = B(wiz AR S (1 (n—>

J1=0

e TN\T s+b
X Z Ps,b,i+j1— 1 )‘ p)'Vl [kv (a) } .

s,b=0
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Using the density (3.4), f;.n(z) can be written as

fin(@) = m Z Z ( )wj,m,q(k7p7)\)

7,m,q,s,b=0 j1=0
T s+b
(8.4) X Pepriti—1(A )7 |:k7 (a) } Go,r oo (T).

By applying expansion (A.3) in the expression (8.4), the density f;.,(x) is ex-
pressed by

1 - (")
fin(z) = m Z Z (k) 5+ba7[k(5+b)+u] Csb,0Wj,m,q (K, Dy A)

7,m,q,s,b,v=0 j1=0

X psbitis—1 (A p)a FETT g (),

on which the quantities w; , 4(k,p, A) and ps p i+, —1 (A, p) are defined in (3.5) and
(8.3), Cstb,v is calculated recursively as (A.2).

9. Inference and estimation

In this Section, we discuss the maximum likelihood method and Bayesian ap-
proach for the inference and estimation of the ExGGG parameter model. We
also assess the performance of the maximum likelihood method for estimating the
ExGGG parameters using Monte Carlo simulation.

9.1. Maximum likelihood estimation. Here, we consider the estimation of
the parameters of the ExGGG distribution by maximum likelihood method.

Let X; be a random variable following (2.3) with the vector of parameters
0 = (o, 7,k,p,\)T. Suppose that the data consist of n independent observations
z; of X; for ¢ = 1,...,n. Parametric inference for such data are usually based on
likelihood methods and their asymptotic theory. The log-likelihood £(8) for the
model parameters can be expressed as
n

2(0) = nlog [A;(F(k)} (tk —1) Zlog( ) ;(ml)
_21‘zj;10g(1—p{1_71 {k (%)1})
(9.1) +<A—1)§k’g{1‘ 1—p{711£k’,¥1(%€)77(}2y]}}.

The score components corresponding to the parameters in @ are

n n
ntk T

T 9i i
w(l)=——"—+— i 75 2pg; + A —1) =u; —Uu;),
Ua (0) o +ozi:1u +aF(k) i:l(pq * )qiulexp( w)
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i exp (—u;) log u;

= f exp (—u;) logug,

=1 ’L

Ui (0) = —mip(k +210gu1_2ngz w; — (k)7 (k,wi)]

(A -1 Zgl — (k) (k)]

n - (
Up (6) 1o, + 2;91'% - (k,u;)
and
n n
Ux(0) = 1 + Zlog [1 = gim (kyui)]
where,
1 "y(k,ui)k

Ti\T
i = ) tzl_ k;’ia = T P T N 0
w=(G) s w=tombw, w=n we= TR

. = (—1)
Yk, u)g = Z - J(ui, k+n—1,1),
n=0
¥(.) is the digamma function and J(u;, k +mn — 1,1) is defined in Appendix B.

The maximum likelihood estimates (MLESs) 0 of 8 is obtained numerically from
the nonlinear equations

Ua(8) = U-(0) = Ur(0) = Up(8) = Ux(8) = 0.

For interval estimation and hypothesis tests on the model parameters, we require
the 5 x 5 unit observed information matrix, say

Jaa ch Jak Jozp Ja)\
J‘ra JTT J‘rk JTp JT)\
J=JO)=| Jka Jer Jkk Jrp Jer |,
Jpa JpT ka Jpp Jp)\
Jra Dr Dk Iy D
whose elements are given in Appendix B.
Under conditions that are fulfilled for parameters in the interior of the param-

eter space but not on the boundary, the asymptotic distribution of \/ﬁ(a —0) is
N5(0,1(0)71), where 1(0) is the expected information matrix. This matrix can

be replaced by J (0)7 i.e., the observed information matrix evaluated 8. The mul-

tivariate normal N5 (0, J (0) 1) distribution can be used to construct approximate
confidence intervals for the individual parameters.
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We can compute the maximum values of the unrestricted and restricted log-
likelihoods to construct likelihood ratio (LR) statistics for testing some submodels
(see Section 2) of the ExGGG distribution. For example, we may use LR statistics
to check if the fit using the ExGGG distribution is statistically “superior” to the
fit using the GGG distribution for a given data set. That is, to test Hy : A = 1
versus Hy : A # 1 the LR statistics is

LR =2 {E(d,%,fc,ﬁ, \) — (@, 7, k, p, 1)} :

where &, 7, I%,;ﬁ and \ are the MLEs under H; and a, T, k and p are the estimates
under Hy.

9.2. Bayesian approach. In the Bayesian approach, the information referring to
the model parameters is obtained through a posterior marginal distribution. Here,
we use the simulation method of Markov Chain Monte Carlo (MCMC), such as the
Metropolis-Hastings algorithm. Since we have no prior information from historical
data or from previous experiment, we assign conjugate but weakly informative
prior distributions to the parameters. Since we assumed informative (but weakly)
prior distribution, the posterior distribution is a well-defined proper distribution.
Here, we assume that the elements of the parameter vector to be independent and
consider that the joint prior distribution of all unknown parameters has a density
function given by

(9.2) (o, 7, k,p, A) o m(a) X w(T) X w(k) X w(p) x w(N).

Here, a ~ T'(c1,b1), 7 ~ T'(c2,b2), k ~ T'(c3,b3), A ~ T'(cq, by) and p ~ Be(a,b),
where Be(a, b) denotes a beta distribution with mean _%;, variance (a+b)2?7a+b+1)
and density function given by

1
. b - a—1 1 _ b—1
flwah) = g1
where v € (0,1), a > 0 and b > 0, I'(¢;, b;) denotes a gamma distribution with
mean c¢;/b;, variance c¢;/b? and density function given by

b?ivci—le—’ubi

3 Ciy b;) = L )
f(v7 & ) F(CL)

where v > 0, ¢; > 0 and b; > 0. All hyper-parameters are specified. Combining
the likelihood function (9.1) and the prior distribution (9.2), the joint posterior
distribution for o, 7, k, p and X reduces to
(%)
o

(o, 7, k, p, A|z) o< nlog {/\;(I‘l(k)p)] +(th—1) znzlog (%) _

_Qi;log (1—1’{1_71 [k’ (%)TH)
n 1[ka(E)T]
+()\1);10g{1 1p{71’y1 k,(m)T]}}

(9:3) + log[m(e, 7k, p, )]

n

%
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The joint posterior density (9.3) is analytically intractable because the integra-
tion of the joint posterior density is not easy to perform. So, the inference can be
based on MCMC simulation methods such as the Gibbs sampler and Metropolis-
Hastings algorithm, which can be used to draw samples, from which features of
the marginal distributions of interest can be inferred. In this direction, we first

obtain the full conditional distributions of each unknown quantity, which are given
by

m(alz, 7, k,p,\) < —nlog (a) + (7k — 1) Zlog< ) zn:(”;l)
“25es(in {1k (3))

n [k (%))
u—l);log{l—l_p{l_ﬂ (zﬂ}}

+ log[m(a)],

A
=R
&
L
R
&
>
Nt
R
3
—
o
CIQ
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CT
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+ log [x(p)]
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and

T(AlT, , T x nlo Y o - %[k7<%)T] }
(Mz, o, 7.k, p) 1g(>\)+)\;1g{1 T—p{l—m [k (2)]}

+ log [r(N\)].

Since the full conditional distributions for «, 7, k, p and A do not have explicit
expressions, we require the use of the Metropolis-Hastings algorithm.

9.3. Simulation study. Here, we assess the performance of the MLEs by means
Monte Carlo simulation experiment with 1,000 replications. We considered no
censoring case for simplicity. All results were carried out using the statistical soft-
ware package R. For maximizing the log-likelihood function, we used the subroutine
optim.

The evaluation of point estimation was performed based on the following quan-
tities for each sample size: the empirical mean and the mean squared error (MSE).
We set the sample size at n = 100, 200, 400 and 800 and considered different values
for the parameters «, 7, k, p and A\. The empirical results are given in Table 2.

The values in Table 2 indicate that the estimates are close to the true values of
the parameters for these sample sizes. Additionally, as the sample size increases,
the MSEs decrease as expected, which means that the maximum likelihood method
can be used effectively for estimating the parameters of the ExGGG distribution.

10. Application: permanence time in Japan

In this section, we provide one application to real data set in order to illustrate
the importance and flexibility of the proposed distribution using both MLEs and
Bayesian approaches. The data come from a study on the permanence time in
Japan of the Brazilian immigrants.

The data (Table 3) were obtained from an electronic survey (e-survey) accord-
ing to the method developed by Babbie [4], which serves to obtain data on the
characteristics, actions or opinions of groups using the Internet as a research tool.
The survey was carried out in the first half of the year 2010, by means of a reserved
site with limited access, by 246 respondents which filled out the questionnaires.
Nevertheless only 147 were used in the analysis because some immigrants were
from other nationalities. We considered the main variable of interest as perma-
nence time in Japan in years, counted from the first arrival date until the research
date. Table 4 gives some descriptive statistics of these data, which include center
tendency and dispersion. Figure 4 display the histogram for these data that has
bimodal shape.

By using MLEs method, we fit the ExGGG, ExWG, GGG [24], WG [5], GG
[31], Weibull [33], gamma and exponential distributions to these data. To obtain
the MLEs of the model parameters, we use the NLMixed procedure in SAS. Table
5 lists the MLEs (and the corresponding standard errors in parentheses) of the
model parameters.



Table 2. Empirical means and the MSEs in parentheses.

a=100 7=150 k=300 p=0.90 X=0.50

& T k p A

100

200

400

800

0.9242 15722 3.4094 09168  0.4118
(0.0490)  (0.0437) (0.6373) (0.0058) (0.0312)
0.9456  1.5356  3.2579  0.9052  0.4550
(0.0504)  (0.0353) (0.3920) (0.0033) (0.0193)
0.9660 15178  3.1565  0.9002  0.4781
(0.0487)  (0.0323) (0.2966) (0.0021) (0.0115)
0.9909  1.5238  3.0790  0.8992  0.4849
(0.0469)  (0.0299) (0.2269) (0.0013) (0.0065)

a=500 7=600 k=020 p=0.50 A=0.30

& T k P A

100

200

400

800

47765  6.0793 02281  0.6413  0.2414
(0.1142)  (0.0858) (0.0046) (0.0730) (0.0078)
48194  6.0500  0.2213  0.6192  0.2570
(0.1043)  (0.0912) (0.0024) (0.0526) (0.0065)
4.8552  6.0425 02144  0.5953  0.2666
(0.0896)  (0.0863) (0.0012) (0.0424) (0.0051)
48965  6.0182  0.2086  0.5554  0.2791
(0.0797)  (0.0854) (0.0007) (0.0313) (0.0042)

a=500 7=07 k=300 p=090 A=1.50

& T k p A

100

200

400

800

5.0525  0.7103  3.4942  0.9395  1.4870
(0.0939) (0.0253) (0.5615) (0.0071) (0.3453)
50443  0.7188  3.3180  0.9249  1.5328
(0.1044)  (0.0206) (0.3953) (0.0043) (0.1972)
50267 07337  3.1780 09143  1.5237
(0.1026)  (0.0146) (0.2455) (0.0026) (0.1243)
50541  0.7580  3.0419  0.9025  1.5041
(0.1130)  (0.0128) (0.1684) (0.0018) (0.0934)

83

The Akaike Information Criterion (AIC), Bayesian Information Criterion (BIC),
Corrected Akaike Information Criterion (CAIC), Anderson-Darling (A*), Cramér-
von Mises (W*) and Kolmogorov-Smirnov (KS) statistics for the fitted distribu-
tions are reported in Table 6. In general, the lower values of these statistics indicate
the best fit for the data. These results indicate that the ExGGG distribution has

the lowest AIC, BIC, CAIC, A*, W* and KS values, and therefore our new model

can be chosen as the best one.

Comparisons of the proposed distribution with some of their sub-models using

LR statistics are performed in Table 7. The numbers in this table, specially the
p-values, suggest that the ExGGG model yields a better fit to these data than the
other distributions.
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Table 3. Permanence time (years) in Japan of the Brazilian immi-
grants (n = 147).

11 2 2 2 3 3 3 3 3 3 3 4 4
4 4 4 5 5 5 5 5 5 5 5 5 6 6
6 6 6 6 6 6 v 7 7T 8 8 9 9 9
9 10 10 10 10 10 10 10 10 11 12 12 12 12 12
13 13 13 13 13 13 13 13 13 13 14 14 14 14 14
14 14 14 14 15 15 15 15 15 15 15 16 16 16 16
16 16 1v 17 17 17 17 18 18 18 18 18 18 18 18
18 18 18 18 18 18 18 18 18 18 19 19 19 19 19
19 19 19 19 19 19 19 20 20 20 20 20 20 20 20
20 20 20 20 21 21 21 21 22 22 22 22

[ N

Table 4. Descriptive statistics of the permanence time in Japan.

Minimum Mean Median Maximum Variance
1.00 12.81 14.00 22.00 37.78

Table 5. MLEs of the model parameters for the permanence time data
in Japan and the corresponding SEs in parentheses.

Model & T k D A

ExGGG 17.6851  12.0731 0.1610 0.9044  0.2283
(0.0219) (0.0683)  (0.0014) (0.0305) (0.0232)

ExWG 10.2767 3.8861 1 0.9851 0.1169
(0.0030)  (0.0001) (0.0066) (0.0111)

GGG 345.3600  3.8158 0.6843 0.9998 1
(0.0028)  (0.7310)  (0.1382) (0.0001)

WG 343.5700  2.6131 1 0.9998 1
(0.0001)  (0.1732) (0.0001)

GG 21.9112  33.2664  0.04257 0 1
(0.3329) (18.6065) (0.02505)

Weibull 14.3931 2.1801 1 0 1
(0.5679)  (0.1553)

Gamma 4.4728 1 2.8639 0 1
(0.5403) (0.3165)

Exponential 12.8095 1 1 0 1
(1.0565)

More information is provided by a visual comparison of the histogram and
empirical cumulative distribution function of the data with the fitted ExGGG,
ExWG, GGG, WG, GG, Weibull, gamma and exponential distributions. The
plots of the estimated density and cumulative distribution functions are displayed
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Table 6. Goodness-of-fit statistics for the permanence time data in

Japan and the corresponding p-values in parentheses.

Model AIC BIC CAIC A~ W= KS
ExGGG 899.8 914.7 900.2 0.59 0.09 0.08
(0.66)  (0.62)  (0.32)
ExWG 930.3 942.3 930.6 3.17 0.56 0.13
(0.02)  (0.03)  (0.01)
GGG 1,011.1 1,023.0 1,011.3 7.72 0.97 0.19
(<0.01) (<0.01) (<0.01)
WG 1,009.1 1,018.0 1,009.2  8.80 1.09 0.21
(<0.01) (<0.01) (<0.01)
GG 905.3 914.2 905.4 1.50 0.26 0.11
(0.18)  (0.18)  (0.04)
Weibull 957.4 963.4 957.5 9.38 0.86 0.14
(<0.01) (<0.01) (<0.01)
Gamma 978.9 984.9 979.0 6.21 1.10 0.18
(<0.01) (<0.01) (<0.01)
Exponential 1,045.8 1,048.7 1,045.8  16.14 3.02 0.23
(<0.01) (<0.01) (<0.01)

in Figures 4 and 5. Clearly, the ExGGG distribution provides a closer fit to the
histogram and empirical cumulative distribution function.

Table 7. LR tests.

Model Hypotheses LR statistics p-value
ExGGG vs ExWG Hy:k=1vs Hy: Hyis false 32.5 < 0.01
ExGGG vs GGG Hy: \=1vs Hy: Hyis false 113.3 < 0.01
ExGGG vs WG Hy:\N=k=1vs Hy: Hyis false 113.3 < 0.01
ExGGG vs GG Hy:p=0and =1 9.5 0.01
vs Hy : Hyis false
ExWG vs WG Hy: A=1vs Hy: Hyis false 80.8 < 0.01
GGG vs WG Hy:k=1vs Hy: Hyis false < 0.01 0.99

Regarding bayesian analysis, we fit the ExGGG distribution. The following in-
dependent priors were considered to perform the Metropolis-Hastings algorithm:
a ~ T1(0.01,0.01), 7 ~ I'(0.01,0.01), k ~ I'(0.01,0.01), p ~ Be(0,5;0,5) and A ~
I'(0.01,0.01), so that we have a vague prior distribution. Considering these prior
density functions, we generate two parallel independent runs of the Metropolis-
Hastings with size 100,000 for each parameter, disregarding the first 10,000 iter-
ations to eliminate the effect of the initial values and, to avoid correlation prob-
lems, we consider a spacing of size 10, obtaining a sample of size 9,000 from each
chain. To monitor the convergence of the Metropolis-Hastings, we perform the
methods suggested by Cowles and Carlin [12]. To monitor the convergence of the
Metropolis-Hastings, we use the between and within sequence information, follow-
ing the approach developed in Gelman and Rubin [15], to obtain the potential



86

3 8 — EXWG —
IS} S} N - - WG |
"\ <+ Weibull
N = Exponential
© © .
S Q 4
o (=]
2 2
- 2 3
a ° g o
o N
S Q 4
o (=]
o o
S - S
° T T T T ° = T T T T
0 5 10 15 20 0 5 10 15 20
Time (years) Time (years)

Figure 4. Histogram and fitted density functions for the permanence
time data in Japan. (a) Fitted ExGGG, GGG, GG and gamma distri-
butions. (b) Fitted ExXWG, WG, Weibull and exponential distributions.
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Figure 5. Estimated and empirical cumulative distribution functions
for the permanence time in Japan. (a) Fitted ExGGG, GGG, GG and
gamma distributions. (b) Fitted ExWG, WG, Weibull and exponential
distributions.

scale reduction, R. In all cases, these values were close to one, indicating the
convergence of the chain. The approximate posterior marginal density functions
for the parameters are presented in Figure 6. In Table 8, we report posterior sum-
maries for the parameters of the ExGGG model, where SD represents the standard
deviation from the posterior distributions of the parameters and HPD represents
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the 95% highest posterior density (HPD) intervals. We note that the values for
the means a posteriori (Table 8) are quite close (as expected) to the MLEs given
in Table 5.

Density

Density
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Figure 6. Approximate posterior marginal densities for the parame-
ters from the ExGGG model for the permanence time in Japan.

Table 8. Posterior summaries for the parameters from the ExGGG
model for the permanence time in Japan.

Parameter Mean SD HPD (95%) R
« 17.6910 0.0298 (17.6298;17.7469) 1.0016
T 12.0737 0.0301 (12.0154;12.1331) 1.0019
k 0.1616 0.0129  (0.1363;0.1864)  1.0011
P 0.9029 0.0177  (0.8676;0.9364)  1.0007
A 0.2292 0.0171  (0.1974;0.2640)  1.0001

Considering the MLEs of ExGGG and ExWG distributions (Table 5) and their
estimated survival function (Figure 5), we obtain some useful results. The estimate
for the median permanence time of Brazilian immigrants in Japan is approximately
equal to thirteen years and nine months for ExGGG distribution and twelve years
and one months for ExWG distribution. The probability of a Brazilian to stay less
than five years in Japan is 15.25% for ExGGG distribution and 17.55% for ExWG
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distribution. The probability of a immigrant to remain less than twenty years is
89.60% for ExGGG distribution and 87.08% for ExWG distribution.

11. Conclusions

We introduced a new five parameter distribution called the extended general-
ized gamma geometric (ExGGG) distribution that provides a rather general and
flexible framework for statistical analysis of positive data. The new distribution
has positive and negative skewness (kurtosis), and further bimodal density, de-
pending on the values of their parameters. Its hazard rate function has the forms:
increasing, decreasing, in the form of bathtub and unimodal. Another important
characteristic of this distribution is that it contains special sub-models such as
generalized gamma geometric, Weibull geometric, exponential geometric, Rayleigh
geometric, among some other distributions. Therefore the ExGGG distribution is
suggested in a variety of problems for modeling lifetime data, such as bimodal and
skewed. We demonstrated that the ExGGG density function can be expressed as
a mixture of GG density functions. We derived explicit expressions for moments,
moment generating function, mean deviations, reliability and order statistics. The
estimation of parameters was approached by the method of maximum likelihood
and by Bayesian method. Additionally the observed information matrix was de-
termined. Furthermore, an application of the ExGGG distribution to real data
showed that it could provide a better fit than other statistical models frequently
used in lifetime data analysis.

Appendix A. Series expansion for the incomplete gamma ratio
function

Pascoa et al. [27] developed a series expansion for the incomplete gamma ratio
function given by

()= 15 B SO wram

They used an equation in Section 0.314 of Gradshteyn and Ryzhik [16] for a power
series raised to a positive integer m

A S ()] -T2

whose coefficients ¢,, 4 (for ¢ =1,2,---) are calculated from the recurrence equa-
tion

q
(A.2) Cm.q = (qag)™! Z (mr —q+7)ay cm g—r

r=1
and ¢, 0 = a', where a; = (—1)7 [(k+q)q!] . The coefficient ¢,, 4 can be obtained
from ¢y, 0, ..., Cm,q—1. It can also be written explicitly as functions of the quantities
aop, . - ., aq using algebraic software such as Maple and Mathematica, although it

is not necessary for programming numerically our expansions. Here, ¢, 0 = k™™,
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ema1 = —m[(k+1)k™ L cpo = m2(k+2)k™ 1 m(m—1)[2(k+1)2km 2] 7L,
etc. Equation (A.1) yields

r\NT1™m © x T(km+q)
(A-3) m {k (5) ] :r(;)qu_%cm’q (5) o

where the coefficients ¢,, 4 are calculated from (A.2).

Appendix B. Observed information matrix .J(0)

By differentiating (9.1), the elements of the observed information matrix J(0)
for the parameters (a, 7, k,p, \) are

x {(Tk +1—7u;)(1—pg) —p {sz)uf exp (ui)} }

. (22;(1;)7 z": (%)2u§ exp (u;)

im NG

x {Qi (1 =pg) (Tk + 1 —Tu;) — [sz)U? exp (ui)] (-1+ 2]7%’)} ;

n

nk 1
Jor(0) = — — — u; (14 logu;)
a o
2p = 2k
- O[F (k) . gl ui eXp (UZ)
=1
X {[1 + (k —u;)logu;] (1 — pg;) — ka)uf exp (u;) logui}

)\ 1 n gi 2
- Z 9i\ ok .
al (k) = (Qi) i oxp (i)

(1 —2pg;) 4

X {[1 + (k — u;)logu;] (1 — pai) ¢ + WW exp (u;) logul} )
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nrt W —
Jar(0) = o + ol (k) Zg?uf exp (u;)

x { (w (k) — é log u) (1= pai) +pwi — (k) (k, ui)]}

w(2)

(909 = Brogu ) 0 1= pa) = s = 00 )] 0= 20}

n 1 —
Jrr(0) = o) + o} Zuz log” u;
i—1

Z g,u exp (u; log Uu;

X [(T —u;) (1 —pg;) — ﬁuf exp (uz)}
A—1 n ; 2 )
+ 7('2F (k§ ; <ZZ) u exp (u;) log® u;
(1 —2pg;)

X | (7 —u;) qi (1 — pg;) + uy exp (uz)} ,

I (k)

1 n
Jr1(0) = 7 Zlogui
=1

n

2p

Zg u exp (u;) logu;
. —g) — —2 ok . .
X{loguz ¥ (k)] (1 = pai) T exp(uz)loguz}
(A-1) - (Qi)2 k
+ =) uy exp (u;)logu;
T 2 g (ue)log

X {[logui =¥ (k)] ai (1 —pg) +

T(k) (1 —2pq;) uf exp (u;) logui} ,
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Jkk(a) = mﬁ'(k)
+2pig2{ [”’””@’f o () [ () +¢2<k>1]
= I (k) o

x (1 —pg;) — plwi — p(k)m (k,u,)]? }

- A\ 2 Y (ky ), / 2
+(>\—1);<Z:) ({W—mmn [w<k>+w<k>]}

x q; (1= pg;) + [wi — (k)n (k,u;))” (1 - 2pg;) )

n

Tip(8) = A+ 1) gF [wi = (k)71 (k)]

i=1
n - A—1) &
Jpp(0) = ——5 =2 Zqzzg'? + % Zgi'Yl (ks ui) (1 —2pgi + qi) ,
(1-p) — 1-p &
b =1 =1
n
Jan(0) = SUk
J)\p(e) ﬂ Zgz")’l (k7uz) ,
i=1
Tn(8) =3 0w = (k) (ks )],
i=1 1*
I (0) ! ik exp (u;) log u;
T TF (k) q; v ’ ¢
and
T NG k ‘
J)\a(e) - al’ (k) 7;21 iuz €xXp (ul)7
where

Ak, ug)k = Z (=" J(ui, k+n—1,1),

. (=)™

V(kaui)kk = z;) oy J(Uz7k+n_ 172)7
Y'(+) is the derivative of the digamma function, u;, g;, ¢; and w; are defined in
Section 9. The J(-,-,-) function can be easily calculated from the integral given

by Prudnikov et al. [28] in Section 2.6.3.
aPt1!

J(a,p,1) = /Oa aP log(z)dx = W[(p + 1) log(a) — 1)
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and
a 9 ap+1
J(a,p,2) = / aPlog”(z)de = ——=2{2 = (p+ 1) log(a)[2 — (p + 1) log(a)]}.
0 (p+1)
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Abstract

The five parameter extended generalized gamma geometric model pro-
posed by Bortolini et al. [8] includes some important distributions as
special cases and it is very useful for modeling lifetime data. We propose
an extension of this distribution by assuming that a shape parameter
can take negative values. The new distribution can accommodate in-
creasing, decreasing, bathtub and unimodal shaped hazard functions.
A second advantage is that it also includes as special models reciprocal
distributions like the reciprocal gamma geometric and inverse Weibull
distributions. We provide a mathematical treatment of the new distri-
bution including explicit expressions for moments, generating function,
mean deviations, reliability and order statistics. Further, we derive the
log-transformed distribution and its regression model. The new regres-
sion model represents a parametric family of models that includes as
sub-models some widely known regression models that can be applied
to censored survival data. The method of maximum likelihood and a
Bayesian procedure are adopted for estimating the regression model
parameters. Finally, we analyze a real data set using the log-extended
generalized gamma geometric regression model to illustrate its useful-
ness.
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1. Introduction

The gamma distribution is the most popular model for analyzing skewed data.
Stacy [50] introduced the generalized gamma (GG) distribution that includes as
their special sub-models the exponential, Weibull, gamma and Rayleigh distribu-
tions, among others. It is suitable for modeling data with hazard rate function of
different forms (increasing, decreasing, bathtub and unimodal). The GG distri-
bution has been used in several research areas such as engineering, hydrology and
survival analysis. Nadarajah and Gupta [36] used this distribution with applica-
tions to drought data and Cox et al. [17] presented a parametric survival analysis
and taxonomy of the GG hazard rate functions. Further, Gomes et al. [25] fo-
cused on parameter estimation. Barkauskas et al. [6] modeled the noise part of a
spectrum as an autoregressive moving average model with innovations having the
GG distribution and Malhotra et al. [34] provided a unified analysis for wireless
system over generalized fading channels that is modeled by a two parameter GG
model. Cox and Matheson [19] discussed and compared the exponentiated Weibull
(EW) distribution, proposed by Mudholkar et al. [35], with the GG model and
showed that for each EW distribution, there is a corresponding GG distribution
which is nearly identical.

New more flexible distributions have been developed for modeling complex sur-
vival data based on extensions of the GG distribution or their sub-models. These
distributions allow us to obtain density and failure rate functions with great flexi-
bility and are useful to develop more realistic statistical models in a great variety
of applications.

Adamidis and Loukas [2] introduced the exponential geometric (EG) distribu-
tion to model lifetime data with decreasing failure rate function. Gupta and Kundu
[27, 28, 29, 30] provided a comprehensive mathematical treatment of the so-called
generalized exponential (GE) (also refereed as the exponentiated exponential) dis-
tribution, Carrasco et al. [9] proposed a generalized modified Weibull (GMW)
with applications in survival analysis and Silva et al. [49] studied in details the
beta modified Weibull distribution which admits only increasing and decreasing
failure rate functions. Following the same idea of GE distribution, Silva et al. [48]
defined the generalized exponential geometric distribution and demonstrated that
its failure rate function can be increasing, decreasing or unimodal. The Weibull
geometric (WG) extension of the EG distribution was proposed by Barreto-Souza
et al. [7] for modeling monotone or unimodal failure rates. Ortega et al. [42],
following the idea of Adamidis and Loukas [2] for a process of mixing distribu-
tions, introduced the generalized gamma geometric (GGG) distribution with four
parameters and four standard types of the failure rate function (i.e. increasing,
decreasing, unimodal and bathtub). Pascoa et al. [45] introduced and studied the
Kumaraswamy generalized gamma distribution that is capable to model monotone
and non-monotone hazard rate functions which are quite common in lifetime data
analysis and reliability. Cordeiro et al. [13] defined the beta-Weibull geometric and
Cordeiro et al. [14] presented the Kumaraswamy modified Weibull that contains
as special sub-models the GMW, EW among others distributions. Al-Zahrani et
al. [3] defined the (P-A-L) extended Weibull distribution and Cordeiro et al. [15]
proposed the Kumaraswamy exponential-Weibull distribution that generalizes a
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number of well-known special lifetime models such as the Weibull, exponential,
Rayleigh, modified Rayleigh, modified exponential and exponentiated Weibull dis-
tributions, among others.

Bortolini et al. [8] proposed the extended generalized gamma geometric (ExGGG)
distribution that can model four standard types of the failure rate function depend-
ing on the values of their parameters. It is also suitable for testing goodness-of-fit
of some special sub-models, such as the GGG, GG, WG, EG, Weibull and expo-
nential distributions and suggested in a variety of problems for modeling lifetime
data, such as bimodal, skewed and heavy-tailed. However, the sub-models of this
distribution does not include reciprocal type distributions. In this article, we de-
fine a new ExGGG distribution to cope with several reciprocal type distributions,
such as inverse Weibull [22], and study some of their structural properties, such
as moments, generating function, mean deviations, reliability and order statistics.

In many studies, the lifetimes are affected by explanatory variables such as
treatment, group indicator, individual characteristics, environmental conditions
and many others. In these circumstances the regression models can be used.
Among them, the location-scale GG regression model [20, 32, 33] is frequently
used in survival analysis. Furthermore, new regression models for modeling sur-
vival data based on extensions of the GG distribution or their sub-models were
developed. Pascoa et al. [46] proposed the log-Kumaraswamy generalized gamma
regression model which is a alternative for modeling the four standard shapes of
failure rate functions, Ortega et al. [44] defined the negative binomial-generalized
gamma regression model with a cure fraction and da Cruz et al. [21] presented the
log-odd log-logistic Weibull regression model. Here, we propose the log-extended
generalized gamma geometric (LExGGG) distribution and its location-scale re-
gression model which is great flexibility and suggested a variety of problems for
modeling lifetime data, such as bimodal, skewed and heavy-tailed.

The paper is organized as follows. In Section 2, we define a new ExGGG
distribution. Their general properties are presented in section 3. In Section 4,
we define the LExGGG distribution and derive an expansion for their moments.
In Section 5, we propose a LExGGG regression model for censored data. We
consider the methods of the maximum likelihood and Bayesian to estimate the
model parameters. In Section 6, a real data set is analyzed which illustrate the
usefulness of the proposed model. Finally, concluding remarks are given in last
section.

Unless otherwise stated, all of the results presented in this article are new
and original. It is expected that they encourage further research on the new
distribution and regression models.

2. The new ExGGG Distribution

Bortolini et al. [8] defined the ExGGG distribution with five parameters «, T,
k, A positive, and p € (0, 1) to extend the GGG distributions introduced by Ortega
et al. [42]. The probability density function (pdf) of the ExGGG distribution has
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the form (for ¢ > 0)
o0 = 5 () w0 kO

7 [k, (£)7] B
(2.1) X {1 1_p{1_71 7 é) }

where I'(+) is the gamma functlon 71 (k,x) = v(k,z) /T (k) is the incomplete gamma
function ratio and ~y(k, ) fo ~le%dw is the incomplete gamma function.
In the density function (2.1), a is a scale parameter and 7, k, p and \ are shape
parameters.

Clearly, the GGG distribution is obtained from (2.1) when A = 1. Some distri-
butions are obtained from (2.1) as particular cases, for example, when k = A =1
we have the WG distribution, for 7 = k = A = 1, we obtain the EG distribution.
The GG distribution is the limiting distribution (the limit is defined in terms of
the convergence in distribution) when p — 07 and A = 1. On the other hand, if
p — 17, we obtain the distribution of a random variable Y such that P(Y =0) =1
Hence, the parameter p can be interpreted as a degeneration parameter. When p
approaches to zero (and k = A = 1), it leads to the Weibull distribution.

Now, following the same idea of Stacy and Mihram [51], Ortega et al. [43] and
Pascoa et al. [46], we define an extended form of the density function (2.1) (for
t > 0) given by

o = 20 (O [ ()] (- ()T

- A-1

22) x {1 — k)]
22 { P T ESNY
where 7 is not zero, o, k, A > 0 and p € (0,1). The terminology extended gener-
alized gamma geometric (ExGGG) distribution is maintained for (2.2) and then
if T is a random variable having this density, we write T~ExGGG(a, 7, k,p, A).
Several special models of (2.2) when 7 > 0 can be seen in Bortolini et al. [8]. For
T = —1, we obtain the reciprocal extended gamma geometric distribution (new).
The case 7 < 0 and A\ = 1 yields the reciprocal generalized gamma geometric dis-
tribution (new). For 7 = —1 and k = A = 1, we obtain the reciprocal exponential
geometric distribution (new). If 7 = —2 and k = A\ = 1, we obtain the reciprocal
Rayleigh geometric distribution (new). For 7= -1, a =2,k =n/2 and A =1, we
obtain reciprocal chi-square geometric distribution (new). If 7 = —2, k = 3/2 and
A = 1, we obtain the reciprocal Maxwell geometric distribution (new). If 7 = —2,

=2 k = 1/2 and A = 1, we obtain the reciprocal half normal geometric
distribution (new). Pascoa et al. [46] presented some reciprocal distributions such
as generalized reciprocal gamma (7 < 0, p — 07 and A = 1), reciprocal Weibull
or FrUchet distribution (7 < 0, p — 07 and k = A = 1), reciprocal exponential
(t=-1,p — 0" and kK = A = 1), among others. Plots of the ExGGG density
function for selected values of 7 > 0 and 7 < 0 are shown in Figure 1.

Q\@*
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Figure 1. The ExGGG density curves: (a) For some values of 7 > 0.
(b) For some values of 7 < 0. (¢) For some values of 7 > 0 and 7 < 0.

The cumulative distribution function (cdf) corresponding to (2.2) is given by

(2.3) F(t) =

A
_ Y [k,(£)" .
{1 o gy e it 7<0.

The evidence that the function F(t) in (2.3) is a cumulative distribution follows
that, for a,k > 0 and 7 # 0 fixed, the function v; [k, (/)] is right-continuous
at t > 0, limy 0o [k, (t/)"] = 1 and lim,_,o+ 71 [k, (t/a)"] = 0 for 7 > 0, and
lim; 00 71 [k, (t/)"] = 0 and lim;_,g+ 11 [k, (¢/a)"] = 1 for 7 < 0.
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Now, we demonstrate that the density function (2.2) can be expressed as a
linear combination of GG density functions. This result is important to provide
mathematical properties of the ExGGG distribution directly from properties of
the GG distribution.

Let go.rk(t) be the density function of the GG(a, 7, k) distribution [51] given

by (for ¢t > 0)
(@]

For |z| < 1 and p € R, we consider the power series
(25) (-2 =31 (%)#,
. J

Jj=0

where (g)) =T(p+1)/[I'(p—j+1)j!.
Using (2.5) in equation (2.2), the ExGGG(a, 7, k, p, A) density function can be
written as

o0 - 2 () el (] 0ol )]
S RO T

j=0

Tk—1
(2.4) Gari () = a|rT(k) <t> exp

(67

Grouping common terms, using (2.5) and binomial expansion, we have that

0 g ()l (0]

CEEer (T RO

7,1=0 m=0

We can substitute >°75_ St for > Gam=0 2l to obtain
A (1—p) ()™ t)’
)y = 2B (Lt
1® ol (k) « P o

(2:6) < 3 smon[s (9]

7,m=0

where

e smirn=En (7)) ()

l=m
Therefore, using the result (A.3) (given in Appendix A) in the expression (2.6),
the pdf f(t) can be written as a linear combination of the distribution GG, in the
form:

28) fO)= Y wimak.p.Ngarie (t), t>0

J,m,d=0
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where k* =k (j + m + 1) +d, go ke (t) has distribution GG(a, 7, k*), the weight-
ings wj m a(k,p, \) are given by

I (k*)

T (k)j+7rL+1 ?
and the coefficients ¢; 1, ¢ are determined from the recurrence relation (A.2) (Ap-
pendix A).

Equation (2.8) shows that the ExGGG density function can be written in terms
of a linear combination of GG densities. Hence, some mathematical properties
of the new distribution (for example, ordinary moments and moment generating
function) can be easily obtained from those GG properties.

(29) U/j,m,d(kapa >‘) = )‘(1 _p) Sj.m (Avp) Cjt+m,d

3. General Properties

In this section, we present some properties of the ExGGG distribution. Here
and henceforth, let 7" and Y be random variables having the distributions (2.2)
and (2.4), respectively.

3.1. Moments. Some important features of a distribution such as dispersion,
skewness and kurtosis can be studied through their moments. Here, we give two
alternative expansions for the moments of the ExGGG distribution. First, the rth
moment of the GG(q, 7, k) distribution can be expressed as

, ' T(k+r/T)
.u“r‘,GG - F(k,)

Let u). = E(T") be the rth ordinary moment of ExGGG(«, 7, k, p, A) distribu-
tion. Hence, p!. follows from equation (2.8) as

Lk*+r/7)

31) po=a" Y A(l—p)sg‘,m(xp)mm,dwa

j,m,d=0

where k* = k(j +m + 1) + d and the quantity s;, (\,p) comes from equation
(2.7). Equation (3.1) depends on the quantities ¢;im, q that can only be calcu-
lated recursively from (A.2). This equation is readily computed numerically using
standard statistical software. It (and other expansions in this article) can also be
evaluated in symbolic computation software such as Mathematica and Maple. In
numerical applications, a large natural number N can be used in the sums instead
of infinity.

Now, we derive another infinite sum representation for u. by computing it
directly. The rth moment of the ExGGG distribution is obtained from (2.2) as

o () ()]
(o[ () T) N
(b0 fn b @)

X

X
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Setting w = (é)T in the last equation, we have

; A1 —p)asgn(r) [ r_1 . o _ -2
py = S [ e () L= p 1= (k)
A—1

(3.2) x {1_71 (k,w) {1 —p[l—m (k:,w)]}_l} dw.

Considering (2.5) in (3.2) twice conveniently, we have that

p, = MDA 71 e ()

83 > o (T (Y st - )

7,0=0

Using the binomial expansion in the term [1 — ~; (k, w)]’ the expression (3.3) is
rewritten as

= 20-0) abgn ) Sy () Mm(A;1)<—<jl+z>>(7;)pl

J,l=0 m=0

X / Wt exp (—w) 71 (k, w) T dw.
0

Replacing 3°77_ s, for mezo >ois,,, we have

M;—A(l_ Oésgn Z Z +l+m<)\;1)<_(jl+2)>(nl¢>pl

7jym=01[l=m

X / WPt exp (—w) vy (k, w)’ T dw.
0

Therefore /. can be rewritten as

A (1 —p)a”sgn(r)
I (k)

ro.
(34) ,U,; = Sj,m (/\’p) I (k + ;a.] + m) I

where s, (A, p) is defined by expression (2.7) and
I (kj + I,j + m) = / Wt exp (—w) 71 (k, w)? T dw.
T 0

This integral can be determined from equations (24) and (25) of Nadarajah [38]
in terms of the Lauricella function of type A [23, 1] defined by

Fjgn)(a;bl,... bnicCiy. ..y cn;xl,...,xn):
Z Z @)y tgm, (01) g = (), @™ - 2
m1=0 my, =0 ( ) 1...(Cn)mn ml'm”“

where (a); is the ascending factorial defined by (a); = a(a+1) - - - (a+i—1) assuming
(a)o = 1. Numerical routines for the direct computation of the Lauricella function
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of type A are available, in Exton [23] and Trott [52]. We obtain

I(k+Zj+m) = k™00 /74 k(4 m+ 1))
T
X FT (e )r 4 k(G +mA 1)k, kk+ 1, k+ 11, 1),

The moments of the ExGGG distribution given by (3.1) and (3.4) are the main
results of this section.

The plots of skewness and kurtosis when £ = 0.5 and p = 0.6, as function of
A for selected values of o and 7, are shown in Figures 2 (a) and (b), respectively.
These plots indicate that the skewness and kurtosis of ExGGG distribution have
great flexibility.

(a)

ExGGG(a, 1, k=0.5,p=0.6, \)

(b)

ExGGG(a, 1,k=0.5,p=0.6, A)
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Figure 2. (a) Skewness and (b) kurtosis of the ExGGG distribution
when k = 0.5 and p = 0.6, as function of A for selected values of « and
T

3.2. Moment Generating Function. This section we provide an expressions
for the moment generating function (mgf) of Y, say M, ,x(s) = Elexp(sY)],
using the Wright function [53] and further the mgf for ExGGG distribution. We
can write

al

Markls) = s [ explony™ ™ exp{~(u/a)" Y.

Setting u = y/«, we obtain

.
Ma,‘r,k(s): | |

> Thk—1 T
exp(asu)u exp(—u")du.
w | elasy (~u7)
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kt+h—1

Expanding the first exponential in Taylor series and using fooo U exp(—u”)du =

7710(k + h/7), we have

(35)  Mari(s Sgn Zr( ) (o ;')h.

Equation (3.5) holds for any 7 different from zero. However, for 7 > 1, it can
be simplified by considering the Wright generalized hypergeometric function [53]
defined by

p
. H (oj + A;m)
W (a1, A1), (o, A p } > — i
p=q .
(B1.B1). - (8. By) "= 10+ ym "

<.

This function exists if 1 +3°5_, B; — >-7_; A; > 0. By combining the last two
equations, we have
1 (k,77)
36) My ,p(s) = —— U ’ cas| .
00 Morate) = oo | BT e
Using the results (3.5) and (2.8), the mgf of ExGGG distribution for any 7
different from zero is given by

Z w]mdkp7 ) aTk'( )7
7,m,d=0
where k* = k(j + m + 1) + d and wj ,,, ¢(k, p, A) is given by (2.9).
Therefore,
h

M(s) = i wjm’d(k,pj\)lﬂ(h k‘) (as) .

7,m,d,h=0 (k.) T ht

Finally, using the Wright function, the mgf of T for 7 > 1 can be written from
equations (2.8) and (3.6) as

M = 3o el D) g, [T o]
7,m,d=0

3.3. Mean Deviations. The amount of scatter in a population is evidently mea-
sured to some extent by the totality of deviations from the mean and median. If
T has the ExGGG distribution with density function f(t), we can derive the mean
deviations about the mean p) = E(T) and about the median m; from the relations

= [Tl ana s = [ s
0

0
These measures can be expressed, respectively, as

(3.7) 01 = 2p4 F(py) —21(p1) and & =y — 2I(m1)

where F(p}) is easily calculated from (2.3) and I(s) = [t f(t)dt is the first
incomplete moment of T
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The integral I(s) can be obtained from equation (2.8) as

e S
> wj,m,d(k‘,p,)\)/ tGeov.r ko (t)dt
0

j,m,d=0

I(s)

(3.8) = > wimalk,p, N (o, 7,k 5),

J,m,d=0
where

J(a, T, kﬂs)z/ t o, r oo (t)dt.
0

By setting w = t/«, we can write from the GG(«, 7, k®) density function
a|7|
T'(k*)

The substitution z = w” yields J(«, 7, k®, s) in terms of the incomplete gamma
function

s/ .
J(a, 7, k%, 8) = / w™ exp(—wT)dw.
0

asgn(r) [/ o
J(a, 7,k s) = I‘%k'())/o 2T " Lexp(—2)dz
= arsfz.(;—)’y(k. + 7_71’ (s/a)7).

Hence, inserting the last result into (3.8) gives

69 1= 3 CEGdERD e s oot o]
j,m,d=0 ( )

Equation (3.9) is the main result of this section from which ¢; and 2, defined
in (3.7), are immediately determined.

Important applications of (3.9) refer to the Lorenz and Bonferroni curves in
fields like economics, reliability, demography, insurance and medicine. For a given
probability 7, they are defined by L(rw) = I(q)/u}) and B(w) = I1(q)/(wp}), respec-
tively, where ¢ = F~1(r).

3.4. Reliability. In the context of reliability, the stress-strength model describes
the life of a component which has a random strength X; that is subjected to a
random stress X,. The component fails at the instant that the stress applied to
it exceeds the strength, and the component will function satisfactorily whenever
X1 > Xs. Hence, R = P(Xs < X;) is a measure of component reliability. It
has many applications especially in engineering concepts such as structures, de-
terioration of rocket motors, static fatigue of ceramic components, fatigue failure
of aircraft structures, and the aging of concrete pressure vessels. We now derive
the corresponding form for the reliability R when X; and X5 are independent and
have identical ExGGG distribution. The reliability of the ExGGG distribution is

R:A f(2)F(z)dz,

where f(z) and F(z) are calculated from (2.2) and (2.3), respectively.
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For 7 > 0 the reliability can be written as

= / Y wimalk,p, Ngarke (1)
0

7,m,d=0

o k)] ’
' {1 1p{1m[k,<m}} “

= Z wjm,d(k,p, \)

. OREERE
17/0 ga,f,k.(t){l - {7171 [k:,(;)T]}} "

Using the expansion (2.5) twice conveniently, we have

X

X

Z wj,m,d(k,p, >‘) <1 - / Ja,r,k* (t)
0

7,m,d=0

s () e (T (e () )

ru=0
Using the binomial expansion, we obtain

Z Wy, m.d(k, ){ /Ooga,nk'(t)

7,m,d=0

<3 e () ()] o)

r,u=0t;=0

We can substitute >0 (> _ for Y79 3707, to obtain

> wimalk.p\)

Jym,d=0

(3.10)  x {1_ /0 — iosml(p, N [k GHH dt},

rti1=

where

1) sy = 3 o () () (1)

u:t1
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As go r ke (t) has distribution GG(a, 7, k®), the expression (3.10) can be rewrit-

ten as
R = g Wjm.d(ky Dy A) 1—/ I i o
j,m,d\ s P, 0 T (k.)

7,m,d=0

312 xew |- (i)} i_ sois (N [ ((’;)] dt}.

Setting w = (é)T in (3.12), we have

R= Z Wi m,d(k,p, \) {1 - Z Urty (K0, N) I (K +d, 7+ tl)} ,

J,m,d=0 ,61=0

where

Srity (p7 )‘)Sgn(T)

(313) Ur,tq (k.vpv )‘) = T (k') ’

(3.14) I(k°+d,r+t1):/ W9 exp(—w)ys (k) d,
0

k° = k(j + m+ 1) and wjm,a(k,p,A) is defined by the expression (2.9). Using
the Lauricella function of type A (defined in Section 4), the last integral can be
written as

(3.15) I(K°+d,r+t1)= (k) ""T[d+k°(r+t +1)]
X F U (A4 k0 (r by + 1) k°, o RO RO+ 1, RO+ 15 =1, -+, —1).
Now, for 7 < 0 the reliability can be written as

e (] )
R_A Z wj,m,d(k7p7>\)ga,7,k'(t){1_1—p{1_71 [k7<t)7]}} "

3,m,d=0 a

Exchanging the addition and integration operations and using the expansion
(2.5) twice conveniently in the last expression, we have

> )
R= Z wj:m’d(]%pa)\)/o‘ gamk.(t)

7,m,d=0

S (b T o ()

r,u=0

Using the binomial expansion gets

R= Z wj,m,d(k,p, A)/[) ga,‘r,k‘(t)

j,m,d=0

< Zxer () E)]
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. o0 u o0 oo .
We can substitute >~ >, _o for > (> 7, to obtain

o

oo T 7+t
t
1 = 5 . —
(3 6) R § w],m,d(kvpa )‘)/0 Ja,r,k (t)sr,h(pa )‘)ryl |:k‘, (a> :| dt,

J,m,d,r,t1=0

where s;,.4, (p, A) is defined in (3.11).
How g, ke (t) has distribution GG(«, 7, k®), the expression (3.16) can be rewrit-
ten as

o

e 5 s [l ()

J,m,d,r,t1=0

(317)  x exp [ (;ﬂ srts (B A [/g <;)] "

Setting w = (é)T in (3.17), we have

oo

R= > wjmalk,p,Nves, (k°,p, NI (K° +d,r + 1),

J,m,d,r,t1=0

where v, 4, (k*,p,A), I (k°+d,r+t1) and w; ., a(k, p, A) are given by (3.13), (3.14)
and (2.9), respectively. The integral I (k° 4+ d,r + t1) also can be written by (3.15).

3.5. Order Statistics. Order statistics make their appearance in many areas
of statistical theory and practice. The density function f;.,(t) of the ith order
statistic, say T;.,, fori = 1,...,n, from random variables 11, . .., T}, having density
(2.2), is given by

1

fin(t) = Bln—it1)

FOFO™ {1 - F)}",

where f(t) and F(t) are the pdf and cdf of the ExGGG distribution, respectively
and B(-,-) denotes the beta function. We readily obtain using the binomial ex-
pansion

(%)

1 zn
(3.18) fi an—z+ 1)

L () ()

We now derive an expression for the density of the ith order statistics as a linear
combination of GG densities. We shall consider two cases: 7 > 0 and 7 < 0.
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For 7 > 0 and u positive integer, we have
roray — AT ((’;)Tk_lexp - (_2)]
RSO
{1 7 [k (4)] }
(1- {1 = [k (£)]})
; A\
: (1{111){1[%5?),2 >]}})
Using the binomial expansion and (2.5) twice conveniently, we have
rFay = 2D (i)k o[- (L) ]
o« zu: i (—1)u+ita <l“) <)\(ll +.1) - 1) <—(j + 2)>pa
1 J a

11=07,a=0

A O] (-G

Now, using the binomial expansion in the expression {1 - [k, (5)7] }a, we
obtain

o - () e 3
Eu: i za:(_l)ll+j+a+m (Z) ()\(ll —l—jl) - 1) <—(ja+ 2)) (;)pa

11=0 j,a=0 m=0

W ()]

We can substitute Y o0 (> _for Y0 S>> to obtain

oS (1) e[ (2)]

X

X

X

X

) ¢ T J+m
(319) X Z pj,m,u(pv >\)71 |:ka () :| )
7,m=0 @
where
l1+j+a+m U A(ll + 1) -1 7(] + 2) a a
p]mqu l;);n (h)( j a m p.

Inserting f(¢)F(t)* given by (3.19) in expression (3.18), applying expansion
(A.3) and rearranging terms, the density function of the ith ExGGG order statistic
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for 7 > 0 is expressed by

(320) fzn Z Uzn]md(k p7>‘)ga‘rk‘()
7,m,d=0
where
Al - )cﬁ_mdf - (n—z)
Viin,j,m,d = K m . j,m,i4j1— pv)\7
Jimad B(i,n —i+ 1) (k)’* HJZ:O Piimitin=1(P: A)

kE*=k(j+m+1)+d, pj,m,iJrjl,l(p7 A) is defined above and ¢;im, q is calculated
recursively by (A.2).
For 7 < 0 and u positive integer, we have that f(¢t)F(¢)* can be written as

FOF@®)" = W(i)“xp [‘ (atv”
(e ()])

{1 k)] }”
= (= (DT

Using the power series (2.5) twice and binomial expansion, we have

foFe: - "(W() -(5)]
> 3 e (DT (U (Ve

7,a=0m=0

[k <z>T’”-

We can substitute Y 00 (> _for Y0 S>> to obtain

om0 () | (2]

X

X

X

X

(321 x i pmato i [1 (£) ]
where

Inserting f(¢)F(t)* given by (3.21) in expression (3.18), applying expansion
(A.3) and rearranging terms, the density function of the ith ExGGG order statistic
for 7 < 0 is expressed by

oo

(322) fzn(t) = Z Ui:n,j,77L,d(kapa A)go¢,7'7k' (t)a

J,m,d=0
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where

A(1— )cj+mdF 4 (n—z)
Viin,jm,d = ; . Pjm,i+ji—1\D, A )
! B(i,n—i+1)T j+m+1 ];) st =1(P: )

k*=k(j+m+1)+d, pjmit+j—1(p,A) is defined above and ¢;j4, 4 is calculated
recursively by (A.2).

Density functions (3.20) and (3.22) gives the density function of the ith order
statistic as a linear combination of GG densities. Hence, some of the mathematical
quantities of the ExGGG order statistics can be derived by knowing those of the
GG distribution. For example, the rth ordinary moment and the mgf M;.,(s) of
T;.,, are

D(k®+r
zn - Z Uzn]mdkp7>‘) ( k./T)
7,m,d=0 ( )

and

Z Ui:n,j,m,d(k7p7 )\)Ma,r,k‘ (8)7

7,m,d=0

where M, ;e (s) can be calculated from expression (3.5) or (3.6).

4. The Log-Extended Generalized Gamma Geometric Distribu-
tion

Henceforth, T is a random variable following the ExGGG density function (2.2)
and Y is now defined by Y = log(T). By setting k = ¢~2, 7 = (¢v/k)~" and
« = exp {,u — log(k)T_l}7 the density function of Y can be expressed as

-2

o = MBI o (£52) ot o (452
x {1 -p (1 -m {q2,q2e><p {q (y;u)]})}

x {1_ vi{a™? aexp [q (454)]} }A 1
L-p(l-m{e?q?expg(FH)]}) [

where —co < y, p < 00, 0 > 0, A > 0 and q is different from zero. We consider
an extended form including the case ¢ = 0 [33]. Thus, the density of ¥ can be
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expressed as

A\q\u;rpé(g;;)ﬂ exp {q~1 (¥22) — 2 exp [q (222)]}

x{1=p(1=m{a?qexp[q (%)l})}_2
R (o)) SR

x {1 1p(1m{q2,qaexp[q(%:v)]})} > £az0,

208 exp [ 1 (122)°] {1 —p 1 - @ (52)]}

2no

><{1—M}H, it g=0,

(4.1) fly) =

where ®(-) is the standard normal cumulative distribution. We refer to equation
(4.1) as the LExGGG distribution, say Y ~ LExGGG(u,,q,p, \), where u € R
is the location parameter, o > 0 is the scale parameter and ¢ and p are shape
parameters. For ¢ = 0 and A = 1 we obtain the normal geometric distribution
(new), for ¢ = 0 and p — 0% we have extended normal [12] and for ¢ > 0 and
A = 1 we have generalized gamma geometric distribution [42]. Thus,

if T ~ExGGG(«,,k,p,\) then, we have Y =log(T) ~ LExGGG(u,0,q,p, ).

Letting © = 0 and o = 1, the plots of the density function (4.1) for selected
values of p, when ¢ < 0, ¢ > 0 and ¢ = 0, are given in Figure 3. These plots
clearly show that the LExGGG distribution could be very flexible for modeling its
kurtosis.

The survival function of Y becomes

{1 vﬁqm2ﬂmwyn%n}ﬁ >0,

1-p(1-y1{a=2.q 2 ex

kel
2
—~
e
all

— - - ’Yl{q721q72exp[Q(y;u) A i
(4.2) S(y) 1 {1 T CEy P pem 7= )H)}’ f g<0,

= [~

{1_M}A, it q=0.

4.1. Moments. Now, we derive the rth moment of Y ~ LExGGG(u, 0, q,p, A),
say fy.-
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(a) (b)
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Figure 3. The LExGGG density curves: (a) For some values of ¢ > 0.
(b) For some values of ¢ < 0. (c) For some values of ¢ = 0. (c) For
some values of ¢ and .

For ¢ # 0, we obtain

L N = p)(g )T
Hr = [my ol'(¢72)

ool () e
frernfrrm(54)])

y {1 1 {a 2 a2 exp [q ()
(

S 1-p(-m{g2aexpq
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Setting z = ¢ % exp [¢ (£)], using (2.5) twice and binomial expansion, /. re-
duces to

o = ASqu Z Z +l+m< f1> <—(jl+2))<l>pz
j m

7,l=0m=0

X /OOO {Z[Qlog(IQI)Hog (z)] +u} 21 exp (—2) (g2, 2) " da.

Substituting >79_ S by > Gam=0 2l We obtain

, Asgn(q)(1 —p)
p = P S )
g I'(¢—2) J%;O b
@n  x [T poga) tog @4} et e (o) (a7a) e

where the quantity s; (X, p) is given by equation (2.7). Using the equation (A.3)
in the expression (4.3), we obtain

= i Asgn(@)(1 = p)sjm(A D) s ma
j,m,d=0 F(q—2)1+m+1

X / {Z [21og (|g]) + log (x)] + u} gt DT g () da,
0

where the coefficients ¢, 4 are calculated from (A.2).

Note that,
r T r 2% r—l1 p l
{2 routa) + 0+ Trop)} =3 (7) [ roetta 4] (2) 100
1=0
and then
> Asgn(q)(1 — p)sjm(A, P)Cjtmd (T
Z Z )J+m+1 l
j,m,d=0 l=0

r—I1 l %)
X [qa log (|g|) + u} <Z> / log' () gt AT o (—x)dz.
0

The last integral is given in Prudnikov et al. [47] (vol 1, Section 2.6.21) and
then

i Z Asgn(q)(1 = p)sjm(N, p)Cjym,d (T
)]+7n+1 l
7,m,d=0 =0

x [; log (lq]) + u} - (Z)lF“) (72 +m+1) +d],

where T(") (p) = %.



For ¢ = 0, we obtain

-2 Lo ]3()]

Using (2.5) twice and binomial expansion, we have
! .
A1l—p) — m (A= (G +2)\ [
/- — -1 J+l+m ] l
== jgon;( ) ; z )
oo 1 _ 2 . _
X / y" exp l— (y M) pItm (y,u) dy.
o 2 o o
Substituting >79_ S o by > =0 2l We obtain

A1 -p) / 1/ y—p\°
/
I8 oo > sim(Ap) N el e

Jsm=0 -

where s, (X, p) is given by equation (2.7). Setting y = p + oz, we obtain
2

, A(l-= = e r z jtm
at) =0 w0 [ e (—2)<I> () ds

Expanding the binomial term (u + 02)" gives

oo I . r
pr=X1=p) > > sim(App ! (Z)Vl,jer

7,m=0 1=0

7,m=0

115

where v}, is the probability weighted moments (PWM) for j and p non-negative

integers of the standardized normal distribution, defined by
vo= [ FoE0 )

where ¢(z) is the standard normal density.
The standard cumulative normal can be expressed as

@(x)_;{l—l-erf(ji)}, z€R,

where erf(:) denotes the error function defined by

erf(z) = % /0 " exp(—12)dt.

Using the binomial expansion and interchanging terms, we obtain

ot S0 [ () ()]
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The last integral follows from equations (9)-(11) of Nadarajah [38]. When i + j is
even, we have

P L
o 4 1
Vip = E (?) 9J/2+i—pp=(i+1)/2p (Z +‘72+ ) X

i=0
3 3
PR [ 1
Y ) ’2’ ) ) >

nfi+3+11
4.5 pO(ELT 2
I
Inserting (4.5) in (4.4) yields the sth moment of the LExGGG distribution when
q = 0. The skewness and kurtosis measures can be calculated from the ordinary
moments using well-known relationships. Plots of the skewness and kurtosis for
selected values of u, o, g, p and X are given in Figures 4 (a) and (b), respectively.

N | =

(a) (b)

LEXGGG(1=0,0=1,q,p, \) LEXGGG(u=0,0=1,q,p, \)

1.0
1.0

\ - - q=-01,p=06 -
\ - - q=14,p=0001 - - g=-10p=
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0.5

2 ° \ S <
0 \_~-=" N m e = =-—-
: 34 8 o4 ¥ so-
£ -3
% o 5 © Vs - N
ﬁ "4 Vox Phd N
\,\\ ‘,‘ ~
" -—-- AN
n 0 RS R
o - , = - ~ N
7 , T Sel AN
72 IR N
, -
’ \\\
o ! Q AR
i 7 -
T T T T T T T T T T
2 4 6 8 10 2 4 6 8 10
A A

Figure 4. Skewness and kurtosis of the LExGGG distribution as a
function of A for some values of ¢ and p with g =0 and o = 1.

5. The Log-Extended Generalized Gamma Geometric Regression
Model

When the lifetime is affected by explanatory variables, such as treatment, group
indicator, individual characteristics, environmental conditions and many others,
parametric regression models can be used. A parametric model that provides a
good fit to lifetime data tends to yield more precise estimates of the quantities of
interest.
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If Y~LExGGG(u, 0,q,p, A), we define the standardized random variable Z =
(Y — p)/o with a density function given by

Mal(1=p)(g=)" " 2

o —exp [¢7 'z — ¢ P exp (¢2)]
x(1=p{l=m g% q 2exp(g2)]})

—2 -2 A=l
x(l— vi[a™% a7 % exp(q2)] ) 7 it g0,

1-p{1—-71[g=2,g= 2 exp(q2)]}

(5.1) f(z) =

Mop op (—5) {1 - plL- 2 ()

A—1
d(z .
X{l - 41—p[1(—<)1><z>]} ) if ¢=0,

and we write Z~LExGGG(0, 1, ¢, p, \).
Now, based on the LExGGG density function, we propose a linear location-
scale regression model linking the response variable y; and the explanatory variable

T
vector x; = (zi1,...,2q) by

(52) yi=x'B+oz,i=1,--,n,

where the random error z; has density function (5.1), 8 = (81,---,3)%, ¢ > 0,
—00 < g < o0, p € (0,1) and A > 0 are unknown parameters. The parameter
pi = xF' B is the location of y;. The location parameter vector g = (pi1, -+, pin) T
is represented by a linear model u = X3, where X = (x1,--- ,%,)7 is a known

model matrix. The LExGGG model (5.2) opens new possibilities for fitting many
different types of data. It contains as special sub-models some well-known regres-
sion models. For A = 1, we obtain the log-generalized gamma geometric (LGGQG)
regression model (new). If A = 1 and p — 0", the LExGGG reduces to the log-
generalized gamma (LGG) regression model [33, 39]. The LGG regression model
has been studied in more detail by Ortega et al. [40, 41]. For ¢ = 1, we obtain
the log-extended Weibull geometric (LExWGQG) regression model (new). If o =1
and o = 0.5, in addition to ¢ = A = 1 and p — 0%, we have the exponential
and Rayleigh regression model, respectively. If A = 1 and p — 0%, in addition
to ¢ = —1, it follows the log-inverse Weibull regression model [31]. The case
g =X =1and p — 0" refers to the classical log-Weibull (or extreme value)
regression model [33]. For ¢ = 0, the LExGGG regression model reduces to the
log-extended normal geometric regression model (new). Finally, for ¢ =0, A =1
and p — 0T, we obtain the normal regression model.

5.1. Maximum Likelihood Estimation. Consider a sample (y1,%1),"* , (Yn,Xn)
of size n from the random variables Y;~LExGGG(u;, 0, q, p, \), where pu; = x7' 3 is
the location parameter of Y; and x; is the explanatory variable vector associated
with the ith individual, i = 1,--- ,n. The log-likelihood function for the vector of
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parameters 8 = (87,0, ¢,p, \)T from model (5.2) can be expressed as
o [M0557]  1 $
—q? é exp (qzi)

—2 ‘; log (1—p{l—[¢7% ¢ %exp(qzi)]})

+(A—1) f:l log (1 — 1_p{711£(1712[;1q:qexfiiii();m]}), if ¢>0,

5 o\ T ;
nlog {A(qxlr(f)(z% ) ] e

i=1
(6:3) 40)= ~07 % exp(02)
—2 22: log (1—p{l—m[¢2 ¢ 2exp(qz)]})
+(A—1) é log (1 - 1p{”f[(’Wif_:qei‘i’iiﬁ()jzi)]}), if g<0,
nlog [’\(17\/;7”)} — %1:121-2
—élog{l —pll- @ ()]}
+(A—1)i§:jllog{1—%}, if ¢=0,

where z; = (y; —x! 3)/o.

The maximum likelihood estimate (MLE) 6 of the vector 6 of unknown param-
eters can be calculated by maximizing the log-likelihood (5.3) that can be either
directly using the SAS (Proc NLMixed) or the R (optim). Initial values for o and
q can be taken from the fit of the LGG regression model with p = 0 and A = 1.
If 2, = (y; — x7'3)/6, the fit of the LExGGG model yields the estimated survival
function for y;

1 m[a?a7 exp(az)] A i 0>0
T—p{1-m1q 2.4 Zexp(@z)]) | ° wqg=0
. ~T « X
S 5 76—, Av A7)\ = Yy ‘?_2,13_263(13(@20 .
Al o) 1= <1 B 1—13{11£m[42,q2exp(;z;>]}) , it g <0,
A
D(2;) . .
{1 - m} ) if ¢g=0.

For interval estimation and hypothesis tests on the model parameters, we re-
quire the (I44) x (I44) total observed information matrix J(0). Under conditions
that are fulfilled for the parameter vector @ in the interior of the parameter space
but not on the boundary, the asymptotic distribution of \/ﬁ(g — 0) is multivari-
ate normal N;,4(0,1(8)71), where I(0) is the expected information matrix. In

o~

practice, we can replace 1(0) by J(@), that is, the observed information matrix
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evaluated at 5, say

o6 Jpie Jsia Jsip I
. Joo’ Joq Jap Jo’)\
J = J(0) = : ’ J4q Jap Jax )
. . . Jop Jpa
: I

whose elements are given in Appendix B, or it can also be calculated numerically.
The approximate multivariate normal distribution Ny44(0,J(8)~!) for 6 can be
used in the classical way to construct approximate confidence regions for some
components of parameters in 6. Further, the likelihood ratio (LR) statistic can be
used for comparing some special sub-models with the LExGGG model. Consider
the partition 8 = (87,62)T, where 0, is a subset of parameters of interest and
05 is a subset of remaining parameters. The LR statistic for testing the null
hypothesis Hy : 681 = 950) versus the alternative hypothesis H; : 01 # 950) is
given by LR = 2{((0) — £(6)}, where 6 and 6 are the MLEs under the null
and alternative hypotheses, respectively. The LR statistic is asymptotically (as
n — o0o) distributed as x2, where v is the dimension of the subset of parameters
0, of interest.

The interpretation of the estimated coefficients is based on the ratio of the
median times. When the explanatory variable x is binary (0 or 1) and considering
the ratio of the median times with = 1 in the numerator, if B is negative
(positive), this implies that individuals with = 1 present decreased (increased)
median survival time in e” x 100% relative to the individuals in the group with = =
0, excluding the effects of the other explanatory variables [21]. This interpretation
can be extended to continuous or categorical variables.

5.2. A Bayesian analysis. The Bayesian analysis incorporates previous knowl-
edge of the parameters through informative priori density functions. When this in-
formation is not available, we can consider a noninformative prior. In the Bayesian
approach, the information referring to the model parameters is obtained through a
posterior marginal distribution. Here two difficulties usually arise. The first refers
to attaining marginal posterior distribution, and the second to the calculation of
the moments of interest. Both cases require numerical integration that, many
times, do not present an analytical solution. So we use the simulation method of
Markov Chain Monte Carlo (MCMC), such as the Gibbs sampler and Metropolis-
Hastings algorithm [46].

Since we have no prior information from historical data or from previous ex-
periment, we assign conjugate but weakly informative prior distributions to the
parameters such as Al-Zahrani et al. [3] and Pascoa et al. [46]. Since we as-
sumed informative (but weakly) prior distribution, the posterior distribution is a
well-defined proper distribution. Here, we assume the elements of the parame-
ter vector to be independent and consider that the joint prior distribution of all
unknown parameters has a density function given by

(5:4)  7(g;p, A, 0,8) cxm(q) x m(p) x w(A) x 7(0) x w(B)
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Here, ¢ ~ N(u1,0%), p ~ Beta(a,b), A ~ I'(a1,b1), o ~ T'(az,bz) and B, ~
N(us,0?). All hyper-parameters are specified. Combining the likelihood function
(5.3) and the prior distribution (5.4), the joint posterior distribution for 87, o, g,
p and A reduces to

m(8,0,q,p, \|y)

(5.5)

R

— —2ya 7" 2y — xT
[M'Uﬁgf‘g)) ] exp (qu Um)

oot Soo o (2222) )

fT{r-r (oo (22}

A—

oy "M {q”,q’?eXp [q (#)]}
E 1—p(1—wl{q*2,q*26xp [q (ﬂ)”)

7(q,p, A\, 0, B).

1

The joint posterior density (5.5) is analytically intractable because the integra-
tion of the joint posterior density is not easy to perform. So, the inference can be
based on MCMC simulation methods such as the Gibbs sampler and Metropolis-
Hastings algorithm, which can be used to draw samples, from which features of
the marginal distributions of interest can be inferred. In this direction, we first
obtain the full conditional distributions of each unknown quantity, which are given

by

7(Bly,o,q,p, \)

ex

T

¢}

Xp

(g2

ol ()

il
}

{
1 - {q ;4% exp [q (ﬁ)} })

s

1

.

™(8),

A—

1



m(oly,B,4,p, )

m(qly, B,0,p, \)

ﬂ-(p‘yvﬂﬂf, q, A)

and

w(Ay, 8, 0,q,p)

X

X
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i iy

I-p (1 -M {q*2,q*2 exp [q ( o

{
Bt )
)

i=1

eftfee e )

m(A).

Since the full conditional distributions for 3, o, ¢, p and A do not have a closed
form, we require the use of the Metropolis-Hastings algorithm.
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6. Application: permanence time in Japan

In this section, we provide an application of the proposed regression model to
a real data set on permanence time in Japan of the Brazilian immigrants.

The data were obtained from an electronic survey (e-survey) according to the
method developed by Babbie [5], which serves to obtain data on the characteristics,
actions or opinions of groups using the Internet as a research tool. The survey
was carried out in the first half of the year 2010, by means of a reserved site with
limited access, by 246 respondents which filled out the questionnaires. Nevertheless
only 147 were used in the analysis because some immigrants were from other
nationalities. We considered the main variable of interest as permanence time in
Japan in years, counted from the first arrival date until the research date. The
following variables were associated with each immigrant (i =1,--- ,147)

i) t; : permanence time in Japan (years) and
ii) z; : sex (0 = female, 1 = male).
We fit the LExGGG, LExWG, LGGG and Log-Weibull (or extreme value) re-
gression models with regressor variable

y; = log(t;) = Bo + Pra; + 02,

where the errors z1,..., 2147 are independent random variables with density func-
tion (5.1).

For obtaining the MLEs of the model parameters, we use the NLMixed proce-
dure in SAS. Table 1 lists the MLEs of the parameters for each regression model.
The estimate of the parameter of the explanatory variable x is significant only
for LExGGG and LExWG models at a significance level of 5%. This shows the
advantage of new models in relation to their sub-models. We can note that 7 is
negative, which means that male Brazilian immigrants (z = 1) have an estimated
probability of remaining in Japan less than women (x = 0) as shown in Figure
5. Furthermore, the permanence median time of the male Brazilian immigrants is
e~ 01012 5 100 = 90.38% of the median time of women for LExGGG model and
e~ 01881 5 100 = 82.85% for LExWG model.

Table 1. MLEs of the parameters of regression models for the perma-
nence time in Japan and the corresponding SEs in parentheses.

Model Bo B & q b )
LExGGG 2.69015 —0.1012 02152  2.3873  0.9149  0.2004
(0.0001) (0.0001) (0.0001) (0.0001) (0.0275) (0.0198)

LExWG 2.1928 —0.1881 0.2973 1 0.9644  0.1053
(0.0020)  (0.0001) (0.0007) (0.0163)  (0.0098)

LGGG 40046 —0.0444 15766  0.0841  0.6197 1
(0.3712) (0.2953) (0.4360) (0.0111) (0.0633)

Log-Weibull  2.6870 —0.1482  0.4559 1 1 1

(0.0422) (0.1055) (0.0325)

A summary of the values of the Akaike Information Criterion (AIC), Consistent
Akaike Information Criterion (CAIC) and Bayesian Information Criterion (BIC)
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Figure 5. Estimated survival function for the (a) LExGGG and (b)
LExWG regression models stratified by covariate sex.

to compare the LExGGG, LExWG, LGGG and Log-Weibull regression models is
given in Table 2. These results indicate that the LExGGG regression model has
the lowest AIC, BIC and CAIC values among those values of the fitted models,

and therefore it could be chosen as the best model.

Table 2. AIC, CAIC and BIC statistics for comparing the LExGGG,

LExWG, LGGG and Log-Weibull.

Model AIC CAIC BIC
LExGGG 203.2 203.8 221.2
LExWG 235.0 2354 2499
LGGG 458.3 458.7 473.3
Log-Weibull 262.1 262.3 271.1

A comparison of the proposed model with some of their sub-models using LR
statistics is performed in Table 3. The figures in this table, specially the p-values,
indicate that the LExGGG regression model yields a better fit to these data than

their sub-models.

Table 3. LR statistics for the permanence time in Japan. .

Model Hypotheses

LR Statistics p-value

LExGGG vs LExXWG Hy:q=1vs Hy: Hy is false
LExGGG vs LGGG  Hy:A=1vs Hy: Hy is false

LExGGG vs Hy: A =1—-p=q=1vs

Log-Weibull H;y : Hy is false

33.8 < 0.01
257.1 < 0.01
64.9 < 0.01
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In the Bayesian analysis following independent priors were considered to per-
form the Metropolis-Hastings algorithm: A ~ I'(0.01,0.01), o ~ I'(0.01,0.01), p
~ Be(0.5;0.5), ¢ ~ N(0,10) and B, ~ N(0,10), so that we have a vague prior
distribution. Considering these prior density functions, we generated two parallel
independent runs of the Metropolis-Hastings with size 200,000 for each param-
eter, disregarding the first 20,000 iterations to eliminate the effect of the initial
values and, to avoid correlation problems, we considered a spacing of size 10, ob-
taining a sample of size 18,000 from each chain. To monitor the convergence
of the Metropolis-Hastings, we performed the methods suggested by Cowles and
Carlin [16]. To monitor the convergence of the Metropolis-Hastings, we used the
between and within sequence information, following the approach developed in
Gelman and Rubin [24] to obtain the potential scale reduction, R. In all cases,
these values were close to the value 1, indicating the convergence of the chain. The
approximate posterior marginal density functions for the parameters are presented
in Figure 6. In Table 4, we report posterior summaries for the parameters of the
LExGGG model. We note that the values for the means a posteriori (Table 4)
are quite close (as expected) to the MLEs obtained for the LExGGG model given
in Table 1. SD represents the standard deviation from the posterior distributions
of the parameters and HPD represents the 95% highest posterior density (HPD)
intervals.

00 30 400
L L |

0 2 4 6 8 10 1
100
L

! u u T ¥ u u f
24 26 28 30 0212 0214 0216 0218

Figure 6. Approximate posterior marginal densities for the parame-
ters from the LExGGG modelfor the permanence time in Japan.
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Table 4. Posterior summaries for the parameters of the LExGGG
model for the permanence time in Japan.

Parameter ~ Mean SD HPD (95%) R
Bo 2.6909  0.1005 (2.5056;2.9017) 0.9999
b1 —0.1012 0.0315 (—0.1624;—0.0393) 1.0002
o 0.2151  0.0010 (0.2132;0.2170) 1.0007
q 2.3877  0.0100 (2.3680;2.4072) 1.0001
p 0.9156  0.0095 (0.8969; 0.9342) 0.9999
A 0.2024  0.0097 (0.1832;0.2213) 1.0003

7. Concluding remarks:

We studied a five-parameter model called the extended generalized gamma geo-
metric (ExGGG) distribution that can model four standard types of the hazard
rate function. We derive expansions for their density function, moments, mo-
ment generating function, mean deviations, reliability and order statistics. This
extension provides more flexibility to analyze skewed data. Further, we also in-
troduce the log-extended generalized gamma geometric (LExGGG) distribution
and obtained expansions for their moments. Based on this new distribution, we
define the LExGGG regression model which is very suitable for modeling censored
and uncensored lifetime data. We discussed the parameter estimation by maxi-
mum likelihood and Bayesian approach. The usefulness of the regression model
is showed through the analysis of a real data set. The proposed regression model
serves as a good alternative for lifetime data analysis and can be more flexible
than the generalized gamma geometric and Weibull models.
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Appendix A. Series expansion for the incomplete gamma ratio
function

Pascoa et al. [46] developed a series expansion for the incomplete gamma ratio
function given by

TN\T 1 a7k z\T1¢ 1
E(2) | =— (= —(2) | ——.
71[ (a) } (k) (a> dz:(:){ (a) } (k + d)d!
They used an equation in Section 0.314 of Gradshteyn and Ryzhik [26] for a power
series raised to a positive integer m

(A1) [f: aq (2)”[1 - gcm,d (g)ﬂl,

whose coefficients ¢, 4 (for d = 1,2,---) are calculated from the recurrence equa-
tion
d

(A.2) Cm,d = (dag)™* Z(mr —d+7)ay Cmd_r

r=1
and ¢, 0 = at, where aq = (—1)%[(k + d)d!|~!. The coefficient c,, 4 can be
obtained from ¢, 0,...,¢m,qa—1. It can also be written explicitly as functions of
the quantities ag, . . ., aqg using algebraic software such as Maple and Mathematica,
although it is not necessary for programming numerically our expansions. Here,
Cmo = k™™, cm1 = —m[(k + D)™ epne = m[2(k + 2)k™ T + m(m —
D[2(k + 1)2k™=2]7!, etc. Equation (A.1) yields

M o

where the coefficients ¢,, 4 are calculated from (A.2).

)

)T(km+d)
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Here, we give the elements of the observed information matrix J(@) for the
parameters 8 = (3;,0,q,p, A). After some algebraic manipulations, we obtain

1 n
Js;8, = 2 ;xz‘jxis exp(qz;)
P
_2

*2+wi72)

2p zn: zizisw! L exp(gz — w;)(q
) 1-

i=1

_ wi)

pll —v1(g=2, wy)]

q72—1
! exp(qz
- 2 TijTis
LUPQ 2} Z ’ { pll —m(g2,w;)]

A=1)(1-p) <& xijwf_t exp(qz; — w;)
. 2Tl e )

goT' (¢72)

1 n 1 n
Jgjo0 = _CF? inj + CF? inj exp(qzi) (1 + qzi)

:

i=1 i=1
% n xijziw§72_1 exp(qz; — w;) (1 + w?72_1 (¢* — 1))
+
¢*0’l(q7?) = L=p[l —71(g7% w;)]
g "Lexplgz—wi) |
w exp(qz; — w;
2
i [qof (g2 ] Zx’JZ7{1—p1—W1( 2,wz)]}

(A - ( p z": zw! " exp(qz — w;)

=1

— w;)

2 " gwd L exp(qz;
Jg ., = — a5 W; i
PP T (q72) 2 {1-p[1 - 71( =2, w;)]}?

i=1

{1—p[l —7i(g2,w)]}?

w;)

qol (g~

(A — ) 1+p zijw! T explqzi —
( 22{1— [1— (g2 w)]}?

S
Joix=— (1-p) Z Tijwy ' exp(qzi — w;)
T el (@) F {1 pll (e e}
J, 2§y + ! z”: (g2:)(2 + qzi)
oo = T o 2T —s 2 €XplgZ; 25
90* 90* e !
—2
2p+(A-1)(1—-p) i ziw! exp(qzi — w;) (qzriwi — gz — 2)
q*T(¢™?) o 1= p[l —y1(q72, wi)]

p[l—m(q™

2p + (A= 1 - zn: { -1 exp(qzl — wy

q O2F _2 i=1

wzn

>}2)
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-2_1

- ) n ziwq exp(gzi — w;)
T = T () g {1 —pli- 71(Q‘2»wi>]}2

(A - ) “Lexp(qzi — w;)
2 Z {1 _ 1 _

goT(¢72) (1 - (g2 w)l}”’
l-p & ! ! exp(qz; — w;)
oy = — : -
g qol'(q72) ; {1 =p[1 —v1(q72, w)]}
1—’71 —2 wl) 2
ST Z{l— )
+)\—1 " vi(g7%wi) {1+ (1 —2p) [1—71(q_2,wi)]}
1-p 1=p[l —71(g72, w;)] ’

1 Vl(qizawi)
Jpr =
? 1—p;1—p[1—71(q‘2,w¢)]
and

n
I = 2

where w; = ¢~ 2 exp(qz;) and z; = (y; — x. 3)/o.



129

References

(1]

2]

(9]

(10]

(11]

(12]
(13]

(14]

(15]

(16]
(17]
(18]
(19]

[20]
(21]

Aarts, R.M. Lauricella functions. From MathWorld - A Wolfram Web Resource, created
by E. W. Weisstein. Available at www.mathworld.wolfram.com/LauricellaFunctions.html,
2000.

Adamidis, K. and Loukas, S. A Lifetime distribution with decreasing failure rate, Statistics
& Probability Letters 39 (1), 35-42, 1998.

Al-Zahrani, B., Marinho, P.R.D., Fattah, A.A., Ahmed, A.H.N., and Cordeiro, G.M. The
(P-A-L) extended Weibull distribution: a mew generalization of the Weibull distribution,
Hacettepe Journal of Mathematics and Statistics 45, 1-19, 2015.

Almpanidis, G. and Kotropoulos, C. Phonemic segmentation using the generalized gamma
distribution and small sample Bayesian information criterion, Speech Communication 50
(1), 38-55, 2008.

Babbie, E. Métodos de pesquisas de Survey. (Ed. UFMG, Belo Horizonte, 1999).
Barkauskas, D.A., Kronewitter, S.R., Lebrilla, C.B. and Rocke, D.M. Analysis of MALDI
FT-ICR mass spectrometry data: A time series approach, Analytica Chimica Acta 648 (2),
207-214, 2009.

Barreto-Souza, W., de Morais, A.L. and Cordeiro, G.M. The Weibull-geometric distribution,
Journal of Statistical Computation and Simulation 81 (5), 645-657, 2011.

Bortolini, J., Pascoa, M.A.R., de Lima, R.R. and Oliveira, A.C.S. The Extended Gener-
alized Gamma Geometric Distribution, Hacettepe Journal of Mathematics and Statistics
submitted, 2015.

Carrasco, J.M.F., Ortega, E.M.M. and Cordeiro, G.M. A generalized modified Weibull dis-
tribution for lifetime modeling, Computational Statistics and Data Analysis 53 (2), 450-462,
2008.

Cordeiro, G.M. and de CASTRO, M. A new family of generalized distributions, Journal of
Statistical Computation and Simulation 81 (7), 883-898, 2011.

Cordeiro, G.M., Ortega, E.M.M. and Silva, G.O. The exponentiated generalized gamma
distribution with application to lifetime data, Journal of Statistical Computation and Sim-
ulation 81 (7), 827-842, 2011.

Cordeiro, G.M., Ortega, E.M.M. and da Cunha, D.C.C. The exponentiated generalized class
of distributions, Journal of Data Science 11, 1-27, 2013.

Cordeiro, G.M., Silva, G.O. and Ortega, E.M.M. The beta- Weibull geometric distribution,
Statistics 47 (4), 817-834, 2013.

Cordeiro, G.M., Ortega, E.M.M. and Silva, G.O. The Kumaraswamy modified Weibull dis-
tribution: theory and applications, Journal of Statistical Computation and Simulation 84
(7), 1387-1411, 2014.

Cordeiro, G.M., Saboor, A., Khan, M.N., Ozel, G. and Pascoa, M.A.R. The Kumaraswamy
exponential- Weibull distribution: theory and applications, Hacettepe Journal of Mathemat-
ics and Statistics 45, 1-30, 2015.

Cowles, M.K. and Carlin, B.P. Markov chain Monte Carlo convergence diagnostics: a com-
parative review, Journal of the American Statistical Association 91, 883-904, 1996.

Cox, C., Chu, M.F and Munoz, A. Parametric survival analysis and tazonomy of hazard
functions for the generalized gamma distribution Statistics in Medicine 26, 4352-4374, 2007.
Cox, C. The generalized F distribution: an umbrella for parametric survival analysis, Sta-
tistics in Medicine 27 (21), 4301-4312, 2008.

Cox, C. and Matheson, M. A comparison of the generalized gamma and exponentiated
Weibull distributions, Statistics in Medicine 33 (33), 3772-3780, 2014.

Cox, D.R. and Oakes, D. Analysis of survival data. (Chapman and Hall, New York, 1984).
da Cruz, J.N., Ortega, E.M.M. and Cordeiro, G.M. The log-odd log-logistic Weibull regres-
ston model: modelling, estimation, influence diagnostics and residual analysis, Journal of
Statistical Computation and Simulation, 2015.

Erto, P. Genesis, properties and identification of the inverse Weibull lifetime lodel, Statistica
Applicata 1, 117-128, 1989.

Exton, H. Handbook of hypergeometric integrals: theory, applications, tables, computer
programs. (Halsted Press, New York, 1978).



130
[24]
(25]
[26]
27]
28]
(29]

(30]

(31]

[40]

[41]
[42]

(43]

[45]

[46]

(47]

Gelman, A. and Rubin, D.B. Inference from iterative simulation using multiple sequences
(with discussion). Statistical Science 7, 457-472, 1992.

Gomes, O., Combes, C and Dussauchoy, A. Parameter estimation of the generalized gamma
distribution, Mathematics and Computers in Simulation 79 (4), 955-963, 2008.
Gradshteyn, I.S. and Ryzhik, .M. Table of integrals, series, and products. (Academic Press,
New York, 2000).

Gupta, R.D. and Kundu, D. Generalized exponential distribution, Australian and New
Zealand Journal of Statistics 41 (2), 173-188, 1999.

Gupta, R.D. and Kundu, D. Ezponetiated exponential family: an alternative to gamma and
Weibull distributions, Biometrical Journal 43, 117-130, 2001a.

Gupta, R. D. and Kundu, D. Generalized exponential distribution: different method of
estimations, Journal of Statistical Computation and Simulation, 69, 315-337, 2001b.
Gupta, R.D. and Kundu, D. Generalized exponential distribution: existing results and some
recent developments, Journal of Statistical Planning and Inference 137 (11), 3537-3547,
2007.

Gusmao, F.R.S., Ortega, E.M.M. and Cordeiro, G.M. The generalized inverse Weibull dis-
tribution, Statistical Papers 52 (3), 591-619, 2009.

Kalbfleisch, J.D. and Prentice, R.L. The statistical analysis of failure time data. (John
Wiley, New York, 2002).

Lawless, J.F. Statistical Models and Methods for Lifetime Data. (John Wiley, New York,
2003).

Malhotra, J., Sharma, A.K. and Kaler, R.S. On the performance analysis of wireless receiver
using generalized-gamma fading model, Annals of Telecommunications 64 (1), 147-153, 20009.
Mudholkar, G.S., Srivastava, D.K. and Freimer, M. The exponentiated Weibull family: a
reanalysis of the bus-motor-failure data, Technometrics 37 (4), 436-445, 1995.

Nadarajah, S. and Gupta, A.K. A generalized gamma distribution with application to
drought data, Mathematics and Computers in Simulation 74 (1), 1-7 2007.

Nadarajah, S. On the use of the generalised gamma distribution, International Journal of
Electronic 95 (10), 1029-1032, 2008a.

Nadarajah, S. Ezplicit expressions for moments of order statistics, Statistics and Probability
Letters 78 (2), 196-205, 2008.

Ortega, E.M.M., Bolfarine, H. and Paula, G.A. Influence diagnostics in generalized log-
gamma regression models, Computational Statistics and Data Analysis 42 (1-2), 165-186,
2003.

Ortega, E.M.M., Paula, G.A. and Bolfarine, H. Deviance residuals in generalized log-gamma
regression models with censored observations, Journal of Statistical Computation and Sim-
ulation 78 (8), 747-764, 2008.

Ortega, E.M.M., Cancho, V.G. and Paula, G.A. Generalized log-gamma regression models
with cure fraction, Lifetime Data Analysis 15 (1), 79-106, 2009.

Ortega, E.M.M., Cordeiro, G.M. and Pascoa, M.A.R. The generalized gamma geometric
distribution, Journal of Statistical Theory and Applications 10, 433-454, 2011.

Ortega, E.M.M., Cordeiro, G.M., Pascoa, M.A.R. and Couto, E.V. The log-exponentiated
generalized gamma regression model for censored data, Journal of Statistical Computation
and Simulation 82, 1169-1189, 2012.

Ortega, E.M.M., Barriga, G.D.C., Hashimoto, E.M., Cancho, V.G. and Cordeiro, G.M. A
New Class of Survival Regression Models with Cure Fraction, Journal of Data Science 12,
107-136, 2014.

Pascoa, M.A.R., Ortega, E.M.M. and Cordeiro, G.M. The Kumaraswamy generalized
gamma distribution with application in survival analysis. Statistical Methodology 8 (5),
411-433, 2011.

Pascoa, M.A.R., de Paiva, C.M.M., Cordeiro, G.M. and Ortega, E.M.M. The Log-
Kumaraswamy generalized gamma regression model with application to chemical dependency
data. Journal of Data Science 11, 781-818, 2013.

Prudnikov, A.P., Brychkov, Y.A. and Marichev, O.I. Integrals and Series. (Gordon and
Breach Science Publishers, Amsterdam, 1986).



(48]

[49]

131

Silva, R.B., Barreto-Souza, W. and Cordeiro, G.M. A new distribution with decreasing,
increasing and upside-down bathtub failure rate, Computational Statistics and Data Analysis
54 (4), 935-944, 2010.

Silva, G.O., Ortega, E.M.M. and Cordeiro, G.M. The beta modified Weibull distribution,
Lifetime Data Analysis 16, 409-430, 2010.

Stacy, E.-W. A generalization of the gamma distribution, Annals of Mathematical Statistics
33 (3), 1187-1192, 1962.

Stacy, E.W. and Mihram, G.A. Parameter estimation for a generalized gamma distribution,
Technometris 7 (3), 349-358, 1965.

Trott, M. The mathematica guidebook for symbolics. (Springer, New York, 2006).

Wright, E.M. The asymptotic expansion of the generalized Bessel function. Proceedings of
the London Mathematical Society 38, 257-270, 1935.

Xie, X. and Liu, X. Analytical three-moment autoconversion parameterization based on
generalized gamma distribution, Journal of Geophysical Research 114 (D17), 1984-2012,
2009.



132

CONSIDERACOES GERAIS

Propor novas distribui¢des de probabilidade € ttil em aplicagdes da Es-
tatistica, em especial aquelas que envolvem dados complexos, tais como obser-
vacdes censuradas, comportamento bimodal e assimétrico. Com essa motivagao,
foram propostas trés distribuicdes de probabilidade e um modelo de regressao pa-
ramétrico.

A primeira distribui¢@o apresentada é a gama generalizada geométrica es-
tendida (ExGGG, do inglés extended generalized gamma geometric) com func¢io
risco crescente, decrescente, unimodal, em forma de banheira e outras formas néo-
padronizadas. A grande vantagem dessa distribui¢do em relagdo aos seus submo-
delos € o fato de possuir densidade bimodal, o que ndo ocorre com nenhum de-
les. Algumas propriedades da nova distribui¢do foram discutidas, bem como a
expansdo da fun¢do densidade, momentos, fun¢do geradora de momentos, desvios
médios, confiabilidade e estatisticas de ordem. A estimag¢do dos pardmetros foi
abordada pelo método da méaxima verossimilhanga e bayesiano. A utilidade da
nova distribuicdo € ilustrada na andlise de um conjunto de dados reais, mostrando-
se um ajuste mais adequado do que os seus sub-modelos.

O segundo modelo é uma extensdo da distribui¢io ExGGG, em que um
dos pardmetros de forma pode assumir qualquer valor real ao invés de apenas
positivo, oferecendo ainda mais flexibilidade & distribuicao j4 proposta.

E ainda, obtevé-se a distribui¢do do logaritmo da ExGGG e expansdes
para os seus momentos ordindrios. Com base nesta terceira distribuicao, definiu-
se o0 modelo de regressdo log-ExGGG. A estimagdo dos parametros do modelo
de regressdo foi discutida pelo método da maxima verossimilhanca e pela abor-

dagem bayesiana. A aplicabilidade desse novo modelo também foi verificada na
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modelagem de um conjunto de dados reais.

Ao final, depreende-se que as distribuicdes propostas e o novo modelo
de regressdo podem ser bastante titeis na andlise de dados de sobrevivéncia, em
especial os assimétricos e bimodais.

Como perspectiva de pesquisas futuras, pretende-se implementar as prin-
cipais funcdes das distribui¢des propostas em programa R. Além disso, almeja-se

desenvolver uma anélise de diagndstico para o novo modelo de regressao.



	 PRIMEIRA PARTE
	INTRODUÇÃO
	REFERENCIAL TEÓRICO
	Conceitos básicos em análise de sobrevivência
	Funções do tempo de sobrevivência
	A função de verossimilhança em análise de sobrevivência
	Distribuição Gama Generalizada
	Distribuição Gama Generalizada Geométrica
	Generalização de distribuições
	Modelo de regressão locação-escala
	Inferência estatística
	Critérios de informação AIC, BIC e CAIC

	 REFERÊNCIAS
	 SEGUNDA PARTE - Artigos
	 ARTIGO 1: The Extended Generalized Gamma Geometric Distribution
	 ARTIGO 2: A New Extended Generalized Gamma Geometric Distribution And Its Regression Model
	 CONSIDERAÇÕES GERAIS

